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Post-Newtonian spin-tidal couplings for compact binaries
Tiziano Abdelsalhin,∗ Leonardo Gualtieri,† and Paolo Pani‡
Dipartimento di Fisica “Sapienza” Universita` di Roma & Sezione INFN Roma1, Piazzale Aldo Moro 5, 00185, Roma, Italy
We compute the spin-tidal couplings that affect the dynamics of two orbiting bodies at the leading
order in the post-Newtonian (PN) framework and to linear order in the spin. These corrections
belong to two classes: (i) terms arising from the coupling between the ordinary tidal terms and the
point-particle terms, which depend on the standard tidal Love numbers of order l and affect the
gravitational-wave (GW) phase at (2l+5/2)PN order and (ii) terms depending on the rotational tidal
Love numbers, recently introduced in previous work, that affect the GW phase at (2l+1/2+ δ2l)PN
order. For circular orbits and spins orthogonal to the orbital plane, all leading-order spin-tidal terms
enter the GW phase at 1.5PN order relative to the standard, quadrupolar, tidal deformability term
(and, thus, before the standard octupolar tidal deformability terms). We present the GW phase
that includes all tidal terms up to 6.5PN order and to linear order in the spin. We comment on
a conceptual issue related to the inclusion of the rotational tidal Love numbers in a Lagrangian
formulation and on the relevance of spin-tidal couplings for parameter estimation in coalescing
neutron-star binaries and for tests of gravity.
I. INTRODUCTION
A. Background and motivation
GW170817 [1] – the first coalescence of a binary
neutron-star (NS) system detected by the gravitational-
wave (GW) interferometers LIGO and Virgo – is a mile-
stone in GW astronomy. With more NS-NS coales-
cence signals expected in the near future, it will be
possible to constrain the equation of state of the NS
core [1–7], to test gravity in the highly relativistic/strong-
curvature/supranuclear-density regime [1], and to de-
tect coincident electromagnetic signals emitted by these
sources in various bands [8, 9].
A major challenge in the parameter estimation of NS
binaries is the modeling of the GW signal during the
late inspiral, merger, and postmerger phases [10]. This
is typically achieved by using GW templates obtained ei-
ther phenomenologically or using the effective-one-body
approach [11–14], fitted to numerical-relativity wave-
forms [15, 16]. A ubiquitous ingredient of these tem-
plates is an accurate description of the early-inspiral
phase as described by the post-Newtonian (PN) formal-
ism [10, 17, 18] (i.e., a weak-field/slow-velocity expansion
of Einstein’s equations), where the dynamics of the bi-
nary is driven by energy and angular momentum loss,
and the two bodies are modeled as two point particles
endowed with a series of multipole moments and with
finite-size tidal corrections [19–21]. The latter are en-
coded in the way a NS responds when acted upon by the
external gravitational field of its companion – through
the tidal Love numbers (TLNs) (see, e.g., [22] and refer-
ences therein).
To the leading order in the tidal field, the TLNs are
proportional to the induced multipole moments. As such,
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they can be divided into two categories: electric (or even
parity) TLNs, which are related to the induced mass
multipole moments, and magnetic (or odd parity) TLNs,
which are related to the induced current multipole mo-
ments and do not have an analog in Newtonian theory.
Tidal deformability introduces a 5PN correction to the
GW phase relative to the leading-order GW term [23, 24],
this correction being proportional to the quadrupolar
electric TLN. The next-to-leading order correction from
quadrupolar electric TLNs was computed in Ref. [20]
and enters at 6PN order, which is also the leading-order
correction1 from quadrupolar magnetic TLNs [25, 26].
Moreover, the leading tail contribution from quadrupo-
lar electric TLNs, appearing at 6.5PN order, has been
computed in Ref. [21].
So far, the tidal corrections to the GW phase have
been computed only for nonspinning objects, i.e., ne-
glecting the coupling between the angular momentum of
one body and the tidal field produced by its compan-
ion. In this paper, we make an important step forward
in the PN modeling of the GW signal from spinning NS
binaries, by computing the leading-order tidal interac-
tion of spinning bodies in a binary to leading order in
the spin, and the corresponding corrections to the GW
phase. Although the dimensionless spin of NSs in coa-
lescing binaries is expected to be small [27, 28], neglect-
ing the spin-tidal coupling might introduce systematics
in the parameter estimation, especially when using uni-
form priors that extend to high values of the spin [1, 5].
Furthermore, spin-tidal corrections might be important
to improve current tests of the nature of compact objects
using the tidal effects in the inspiral [29–35].
In recent years, there has been remarkable progress in
studying the tidal deformability of spinning compact ob-
1 We warn the reader that the quadrupolar magnetic Love num-
bers affect the GW phase at 6PN order also for equal-mass bi-
naries, see erratum in Ref. [25] and Ref. [26]. This point will be
important for the following discussion.
2jects. Tidal deformations of slowly-spinning black holes
were studied in Refs. [36, 37], which confirmed that the
TLNs of a black hole are precisely zero [38–41] also in
the spinning case, at least to quadratic order in the spin
in the axisymmetric case and to linear order in the spin
in general. Furthermore, the coupling between the tidal
fields and the angular momentum introduces new fam-
ilies of TLNs, which were dubbed rotational tidal Love
numbers (RTLNs) [42–46]. While also the RTLNs of a
black holes are precisely zero, those of a NS depend on
the equation of state2. Finally, a different choice of as-
sumptions on the dynamics of the fluid within the star
(e.g., whether the fluid is irrotational or static) can pro-
vide a more realistic configuration for a stationary tidally
distorted object in a binary system, and affect the mag-
netic TLNs and the RLTNs [43, 46, 47].
B. Notation and conventions
We denote the speed of light in vacuum by c and set
the gravitational constant G = 1 throughout the paper.
Latin indices i, j, k, etc. run over three-dimensional spa-
tial coordinates and are contracted with the Euclidean
flat metric δij . Since there is not distinction between up-
per and lower spatial indices, we will use only the upper
ones throughout the paper. The complete antisymmet-
ric Levi-Civita symbol is denoted by ǫijk. Following the
STF notation [48], we use capital letters in the middle
of the alphabet L,K, etc. as shorthand for multi-indices
a1 . . . al, b1 . . . bk, etc. Round ( ), square [ ], and angular
〈 〉 brackets in the indices indicate symmetrization, an-
tisymmetrization and trace-free symmetrization, respec-
tively. For instance,
T 〈ab〉 = T (ab)−1
3
δabT cc =
1
2
(
T ab + T ba
)−1
3
δabT cc . (1)
We call symmetric trace-free (STF) those tensors T i1...il
that are symmetric on all indices and whose contraction
of any two indices vanishes
T (i1...il) = T i1...il ,
T i1...ikik...il = 0 ,
T 〈i1...il〉 = T i1...il . (2)
The contraction of a STF tensor TL with a generic ten-
sor UL is TLUL = TLU 〈L〉. For a generic vector ui we
define uij...k ≡ uiuj . . . uk and u2 ≡ uii. Derivatives with
respect to the coordinate time t are expressed by over-
dots.
2 We note that the recent analysis in Ref. [46] found disagreement
with the RTLNs previously computed by some of us [42], espe-
cially for low-compactness stars. The source of such disagree-
ment is under investigation but is irrelevant for the analysis of
this work.
For a generic body A, the mass and current multipole
moments are denoted by MLA and J
L
A , respectively. We
indicate the electric and magnetic tidal moments, which
affect the body A, respectively, by GLA and H
L
A. All of
them are STF tensors on all indices.
Restricted to a two-body system, A = 1, 2, we define
the mass ratios ηA =
nMA/M , whereM =
nM1+
nM2 is
the total mass and nMA is the mass monopoleMA in the
Newtonian limit. The symmetric mass ratio is ν = η1η2
and the reduced mass is µ = νM . We define the di-
mensionless spin parameters χA = cJA/(ηAM)
2, where
JA =
√
J iAJ
i
A is the absolute value of the current dipole
moment. The body position, velocity and acceleration
vectors are denoted by ziA, v
i
A = z˙
i
A and a
i
A = z¨
i
A, respec-
tively. We define the two-body relative position, velocity
and acceleration vectors by zi = zi2−zi1, vi = vi2−vi1 and
ai = ai2 − ai1, respectively. We also define the relative
unit vector ni = zi/r, where r =
√
zizi is the orbital
distance. We define the derivatives with respect to the
spatial coordinates zi as ∂L = ∂i1 . . . ∂il . In particular,
we denote the derivatives with respect to ziA by ∂
(A)
L . We
shall also make use of the following identity
∂L
1
r
= ∂
(2)
L
1
r
= (−1)l∂(1)L
1
r
= (−1)l(2l − 1)!!n
〈L〉
rl+1
. (3)
We shall denote λl (σl) the electric (magnetic) TLN of
multipolar order l, whereas λll′ and σll′ are the RTLNs.
As discussed below, for our computation it is sufficient
to consider that the multipole moments higher than the
dipole are induced only on the second body by the tidal
field produced by its companion. For this reason, to avoid
burdening the notation, we define the quadrupolar and
octupolar moments as Qab ≡ Mab2 , Qabc ≡ Mabc2 , Sab ≡
Jab2 and S
abc ≡ Jabc2 . To our order of approximation,
the moments induced on object 1 due to the tidal field
produced by object 2 can be included a posteriori by
inverting the indices in the final formulas. We do so only
when presenting the final GW phase, Eq. (15).
Finally, for a binary system in circular orbit we define
the PN expansion parameter x = (ωM)2/3/c2, where ω
is the orbital angular velocity. Note that x = v2/c2 +
O(c−4).
C. Tidal deformations of rotating stars
Finite-size effects due to the deformability of compact
objects enter the GW phase through the TLNs. Loosely
speaking, the TLNs can be defined as the multipole mo-
ments induced on an object by an external tidal field per
unit of the external field itself [22]. Within linear pertur-
bation theory, the TLNs do not depend on the source of
the tidal field but only on the internal properties of the
central object.
To linear order in the spin, and assuming small and
slowly varying external tidal fields, the TLNs relevant for
3this paper can be defined through the following relations:
Qab = λ2G
ab +
λ23
c2
JcHabc
Qabc = λ3G
abc +
λ32
c2
J〈cHab〉
Sab =
σ2
c2
Hab + σ23J
cGabc
Sabc =
σ3
c2
Habc + σ32J
〈cGab〉 .
(4)
These are called adiabatic relations because the TLNs
are assumed to be constant, neglecting the oscillatory
response of the star to a variation of the tidal field (how-
ever, see [49, 50]).
In the above equations, QL and SL are, respectively,
the mass and current multipole moments of order l in-
duced on the spinning object3 (with spin vector Jc),
whereas GL and HL are the external electric and mag-
netic tidal moments of order l evaluated at the location
of the object. The constants λl and σl are the ordinary
electric and magnetic TLNs, whereas λll′ and σll′ are
the RTLNs [42–44]. The powers of c in the above equa-
tions guarantee that, at Newtonian order, a magnetic
tidal field does not induce any multipole moment. The
magnetic tidal moments source the mass multipole mo-
ments only starting at 1PN order, in agreement with the
discussion in Ref. [46]. On the other hand, an electric
tidal field can induce also current multipole moments at
Newtonian order, but these moments affect the metric
only at higher PN order, as discussed below.
The above relations generalize to spinning objects the
standard proportionality relations among the quadrupole
moments (Qab, Sab) of a nonspinning object and the ex-
ternal quadrupolar tidal moments (Gab, Hab) [22–24]. In
particular, the structure of Eq. (4) corresponds to the
spin-tidal couplings introduced in Ref. [42]:
(i) in the nonspinning case, Eq. (4) reduces to QL =
λlG
L and SL = σlc2H
L. In other words, an l-pole
tidal moment can induce only an l-pole multipole
moment with the same parity4. For example, a
quadrupolar electric (respectively, magnetic) tidal
momentGab (respectively, Hab) induces a mass (re-
spectively, current) quadrupole moment, Qab (re-
spectively, Sab). For l = 2 and l = 3, the in-
duced multipole moments depend on four indepen-
dent TLNs, namely λ2, λ3, σ2, and σ3. It is well
known that the dominant correction to the GW
phase depends on λ2 through a 5PN term [23, 24];
(ii) the spin of the binary components couples tidal
moments and multipole moments with different l
order and opposite parity [42, 51]. In particular,
a magnetic quadrupolar (respectively, octupolar)
tidal moment can induce a mass octupole (respec-
tively, quadrupole) moment through a term pro-
portional to the spin and to the rotational Love
number λ32 (respectively, λ23). Likewise, an elec-
tric quadrupolar (respectively, octupolar) tidal mo-
ment can induce a current octupole (respectively,
quadrupole) moment through a term proportional
to the spin and to the rotational Love number σ32
(respectively, σ23).
D. Summary of results
For the busy reader, we summarize here the main re-
sults of our work, which are derived in detail in the rest of
the paper. We follow the notation described in Sec. I B.
Our main result is the GW phase with all tidal correc-
tions included up to 6.5PN order and to linear order in
the spin, see Eq. (15) below.
1. Lagrangian
The Lagrangian describing the two-body interaction
can be written as
L = Lorb + Lint2 . (5)
Here, Lorb describes the orbital motion of the bodies
Lorb = LM + LJ + LQ2 + LQ3 + LS2 + LS3 , (6)
where LM and LJ are the contributions that depend only
on the masses of the two bodies and on their spin vectors
(to linear order in the spin), respectively,
LM =µv
2
2
+
µM
r
+
µ
c2
{
1− 3ν
8
v4
+
M
2r
[
(3 + ν) v2 + νr˙2 − M
r
]}
+O
(
c−4
)
, (7)
LJ = ǫ
abc
c2
vb
[
(η2J
a
1 + η1J
a
2 )
2M
r2
nc
+
(
η22J
a
1 + η
2
1J
a
2
) ac
2
]
+O
(
c−4
)
. (8)
The mass quadrupole term reads, to next-to-leading PN
order,
3 We remind that the index L represents l indices i1, . . . , il running
from one to three (see Sec. I B).
4 Electric and magnetic tidal moments have even and odd parity,
respectively. Likewise, mass and current multipole moments have
even and odd parity, respectively.
4LQ2 =3η1M
2r3
Qabnab +
1
c2
{
M
r3
Qab
[
nab
(
3η1
4
(3 + ν)v2 +
15νη1
4
r˙2 − 3η1
2
(1 + 3η1)
M
r
)
+
3η21
2
vab − 3η
2
1
2
(3 + η2)r˙n
avb
]
− M
r2
Q˙ab
[
3ν
2
navb +
3ν
4
r˙nab
]
+ Eint2
[
η21
2
v2 + η1
M
r
]}
+
3
c2r4
ǫicdJa1Q
bd
(
5nabc − δabnc − δacnb) vi +O (c−4) ,
(9)
where Eint2 is the internal energy of body 2 which, to
this level of approximation, can be expressed through its
Newtonian value given in Eq. (82) below. At Newto-
nian order, LQ2 is simply a coupling between the mass
quadrupole moment and the quadrupolar electric tidal
moment, LQ2 = 12Gab2 Qab +O(c−2).
Likewise, the mass octupole term reads, to leading or-
der,
LQ3 = 1
6
Gabc2 Q
abc ≡ −5η1M
2r4
Qabcnabc + O
(
c−2
)
, (10)
whereas the current quadrupole and octupole terms, re-
spectively, read (again to leading order)
LS2 = 1
3c2
Hab2 S
ab
≡4η1M
c2r3
ǫbcdnabSadvc +
2
c2r4
Jc1S
ab
(
5nabc − 2δbcna)
+O
(
c−4
)
, (11)
and
LS3 = 1
8c2
Habc2 S
abc
≡15η1M
2c2r4
ǫadeSbcdnabcve
+
45
4c2r5
Jd1S
abc
(
δcdnab − 7
3
nabcd
)
+O
(
c−4
)
.
(12)
The other term appearing in Eq. (5), Lint2 , takes into
account the internal dynamics of the body 2 (which we
remind is the only one tidally deformed at this stage),
Lint2 =−
1
4λ2
QabQab − 1
12λ3
QabcQabc − 1
6σ2
SabSab
− 1
16σ3
SabcSabc + αJa2Q
bcSabc + βJa2S
bcQabc ,
(13)
where α and β are related to the RTLNs in a way to be
defined shortly. Those above are all possible couplings
among the multipole moments included in our model, and
by the requirement that Lint2 is scalar, parity invariant,
at most linear in the spin, and quadratic in the higher
multipole moments.
The Lagrangian (6) provides the correct equations of
motion to linear order in the spin, up to 1PN order in
the electric quadrupolar TLN, and to leading order in the
other tidal deformations. As discussed below, this is suffi-
cient to completely describe the tidal contribution to the
phase up to 6.5PN order. Furthermore, the interaction
term (13) guarantees that Euler-Lagrange equations for
the multipole moments yield the adiabatic relations (4)
with the following identification:
λ23 = 2λ2σ3α λ32 = 6λ3σ2β
σ23 = 3λ3σ2β σ32 = 8λ2σ3α . (14)
We note that, with the above definition, the RTLNs are
proportional to those defined in Ref. [42] in the axisym-
metric case. The explicit relations between them are
given in Appendix E.
Crucially, the Lagrangian formulation enforces
Eq. (14). Therefore, only two out of four RTLNs are
independent. In particular, λ23 is proportional to σ32
and λ32 is proportional to σ23. This proportionality
does not emerge from the perturbative computation
performed in Ref. [42]. We discuss this issue in more
detail in Sec. III E.
2. GW phase
Finally, from the above Lagrangian one can compute
the GW phase to linear order in the spin. For circu-
lar orbits, up to 1.5PN order in the point-particle terms
and up to 6.5PN order in the tidal-deformability terms,
the GW phase for the TaylorF2 approximant [10, 17, 18]
reads
ψ(x) =
3
128νx5/2
{
1 +
(
3715
756
+
55
9
ν
)
x+
(
113
3
×
× (η1χ1 + η2χ2)− 38
3
ν(χ1 + χ2)− 16π
)
x1.5 +O(x2)
+ Λx5 + (δΛ + Σ)x6 + (Λ˜ + Σ˜ + Γ˜− πΛ)x6.5 +O(x7)
}
,
(15)
where x = 1c2 (Mω)
2/3, ω is the orbital angular velocity,
and χi are the dimensionless spin parameters introduced
in Sec. I B.
The first two lines in the above equation denote the
point-particle contribution to the GW phase, whereas the
5other terms are due to the tidal deformability. The 5PN
term is the usual leading-order tidal contribution where
Λ =
(
264− 288
η1
)
c10λ
(1)
2
M5
+ (1↔ 2) , (16)
and λ
(A)
2 is the (quadrupolar, electric) TLN of the A-th
body. The 6PN term contains the next-to-leading order
contribution of the previous term,
δΛ =
(
4595
28
− 15895
28η1
+
5715η1
14
− 325η
2
1
7
)
c10λ
(1)
2
M5
+ (1↔ 2) , (17)
and the leading-order contribution from the quadrupolar,
magnetic TLN,
Σ =
(
6920
7
− 20740
21η1
)
c8σ
(1)
2
M5
+ (1↔ 2) . (18)
Note that the magnetic term corrects some errors in the
first version of Ref. [25] and agrees with that recently de-
rived in Ref. [26]. In particular, Σ affects the phase at
6PN order also for equal-mass binaries and is therefore
degenerate with δΛ.5 The leading-order tail-tidal term,
proportional to the quadrupolar electric TLN λ2, enters
in the GW phase at 6.5PN order with the same combi-
nation Λ as in the 5PN term [21].
Finally, all spin-tidal terms enter at 6.5PN order in
the GW phase, through three different (albeit degener-
ate) terms. The first two are due to the coupling between
the spin and the ordinary quadrupolar (electric and mag-
netic) TLNs:
Λ˜ =
[(
593
4
− 1105
8η1
+
567η1
8
− 81η21
)
χ2
+
(
−6607
8
+
6639η1
8
− 81η21
)
χ1
]
c10λ
(1)
2
M5
+ (1↔ 2) , (19)
Σ˜ =
[(
−9865
3
+
4933
3η1
+ 1644η1
)
χ2 − χ1
]
c8σ
(1)
2
M5
+ (1↔ 2) , (20)
whereas the third 6.5PN term in Eq. (15) is proportional
to the RTLNs,
Γ˜ =
c10χ1
M4
[(
856η1 − 816η21
)
λ
(1)
23
−
(
833η1
3
− 278η21
)
σ
(1)
23
−ν
(
272λ
(1)
32 − 204σ(1)32
)]
+ (1↔ 2) . (21)
5 The contribution from the quadrupolar magnetic TLN is typi-
cally ignored since it was thought to enter at higher PN order
for circular binaries. At any rate, even if this term is degenerate
with δΛ, σ2 is typically smaller than λ2 [38, 43]. The contribu-
tion from Σ is small but potentially detectable [52].
The fact that these terms all enter at 6.5PN order
can be understood as follows. Let us first focus on
the terms proportional to the RTLNs, i.e., on Γ˜. The
mass quadrupole moment Qab enters at 2PN order in the
phase [19, 53, 54]. From the adiabatic relations (4), Qab
acquires a contribution proportional to the spin and to
Habc ∼ v/r4 ∼ 4.5PN, so that overall these corrections
enter the GW phase at 2+ 4.5 = 6.5PN order. Likewise,
Qabc affects the phase at 3PN order and its spin-tidal
coupling is proportional to Hab ∼ v/r3 ∼ 3.5PN so that
also this term enters at 3 + 3.5 = 6.5PN order. Similar
arguments can be made for the terms proportional to Sab
and Sabc, since the latter enter the GW phase at 2.5PN
and 3.5PN order, respectively, and they are coupled to
Gabc ∼ 4PN and Gab ∼ 3PN, respectively.
We generalize this argument in Sec. III D, showing that
the spin-tidal terms arising from l-pole RTLNs to linear
order in the spin enter the GW phase at (2l + 1/2 +
2δl2)PN order. Therefore, for any l ≥ 3, this contribution
enters at lower PN order relative to the standard electric
TLNs of order l (the latter entering at (2l+1)PN order).
Corrections proportional to the spin and to the ordi-
nary l = 2 TLNs, i.e. the Λ˜ and Σ˜ terms, also enter
at 6.5PN order. This is due to the fact that, as dis-
cussed below, the leading-order spin terms in Gab and
Hab enter, respectively, at 4.5PN and at 4PN order and,
since they enter the GW phase, respectively, through
the induced Qab and Sab (at 2PN and 2.5PN order, re-
spectively), their overall contribution is again 6.5PN. We
generalize this argument in Sec. III D, showing that the
spin-tidal terms arising from l-pole TLNs (both electric
and magnetic) to linear order in the spin enter the GW
phase at (2l+5/2)PN order. It is also worth noting that
these terms effectively couple higher-order point-particle
terms (the spins) to the tidal terms (the ordinary TLNs),
thus breaking the “decoupling” that exists between the
point-particle phase and the tidal phase at the leading
order [55].
The tidal terms entering the GW phase at leading or-
der in the spin are summarized in Table I. For complete-
ness, in Appendix D we also provide higher-order terms
entering the GW phase (15) which are proportional to the
TLNs and are computed as a by-product of our analysis.
We stress that – within our Lagrangian approach – only
two out of λ32, λ23, σ32, and σ23 are independent, these
four quantities being related to α and β [the only two ex-
tra parameters entering our interaction Lagrangian (13)]
through Eq. (14). While this is an unsolved issue (see
discussion in Sec. III E) for the sake of generality we will
consider these terms as independent. In any case, these
terms enter the GW phase only through the combina-
tion Γ˜.
6TABLE I. Schematic representation of the PN contributions
of the TLNs and of the RTLNs to the GW phase of a bi-
nary system to linear order in the spin. “LO”, “NLO”, and
“NNLO” stand for Leading Order, Next-to-Leading Order,
etc. The entries in boldface are the new 6.5PN terms com-
puted in this work (we omit the leading-order tail effect enter-
ing at 6.5PN order derived in [21]). They are all proportional
to the spins of the binary components and would be zero in
the nonspinning case. For generic l-poles, the contribution
from RTLNs enters at (2l + 1/2 + 2δl2)PN order, whereas
the spin-tidal contribution from the ordinary TLNs enters at
(2l + 5/2)PN order (see Sec. IIID). For comparison, in the
nonspinning case the electric and magnetic TLNs enter at
(2l + 1)PN and (2l + 2)PN order, respectively.
PN order λ2 σ2 λ23,32, σ23,32 λ3 σ3
5 LO ∝ Λ
6 NLO ∝ δΛ LO ∝ Σ
6.5 NNLO ∝ Λ˜ NLO ∝ Σ˜ LO ∝ Γ˜
7 . . . . . . . . . LO
8 . . . . . . . . . . . . LO
II. PN TIDAL INTERACTIONS OF
INTERACTING, STRUCTURED BODIES
In this section, we summarize the PN theory of tidal
interactions in binary systems, which has been mainly
developed in Refs. [20, 56–58].
A. Coordinate frames and multipole expansions of
the PN potentials
Let us consider N interacting, arbitrarily structured
bodies immersed in a strong-field environment. It is pos-
sible to define a harmonic6 and conformally Cartesian7
coordinate system (t, xi), which we call “global frame”,
covering the entire spacetime except the strong-field re-
gion near each body. In this frame, the spacetime metric,
in 1PN approximation [i.e., including terms up to O(c−2)]
has the form
ds2 = −
(
1 +
2Φg
c2
+
2Φ2g
c4
)
c2dt2 +
2ζig
c3
cdtdxi
+
(
1− 2Φg
c2
)
δijdxidxj +O(c−4) . (22)
The scalar field Φg(t,x) can be decomposed as Φg = φg+
c−2ψg, where φg is the Newtonian (0PN) potential and
ψg is its 1PN correction; ζ
i
g(t,x) is the gravito-magnetic
vector potential, at 1PN order.
6 The harmonic gauge condition is ∂µ(
√−ggµν) = 0, which implies
4Φ˙ + ∂iζi = O(c−2).
7 Conformally Cartesian coordinates are a special case of isotropic
coordinates and require g00gij = −δij + O(c−4) [56].
For each body A (A = 1, . . . , N) we assume the ex-
istence of a local coordinate system (sA, y
i
A), which we
call “body frame” or “local frame”, covering the body,
including the strong-field worldtube WA defined as the
product of the ball |yA| < rA− with an open interval of
time. Moreover, for each body A, there exists a buffer
region BA defined as the product of rA− < |yA| < rA+
with an open time interval, which is covered by both
the global frame (t, xi) and the local frame (sA, y
i
A). In
the buffer region BA, the gravitational field is weak and
the local coordinates sA, y
i
A are harmonic and confor-
mally Cartesian, therefore the metric can be written in
the 1PN form shown in Eq. (22), in terms of potentials
ΦA(sA,yA), ζ
i
A(sA,yA). In the buffer region, the coor-
dinate transformation between the global frame and the
local frame has the form
xi(sA,yA) = y
i
A + z
i(sA) + c
−2 [1PN terms] , (23)
where the vector zi describes a time-dependent spatial
translation between the two frames. We do not explic-
itly write the 1PN terms in Eq. (23) for brevity; they
depend on a set of freely specifiable functions encoding
the residual gauge freedom.
As shown in Ref. [57], under these assumptions the
potentials ΦA, ζ
i
A for each body can be written in terms
of a set of multipole moments. The internal degrees of
freedom of the body are described by its mass multipole
moments MLA(sA) (with l ≥ 0) and its current multipole
moments JLA(sA) (with l ≥ 1) [48, 59, 60] (for a recent
account in the context of tests of the black-hole no-hair
theorem, see also [61]). The tidal field due to the bodies
B 6= A is described by the electric tidal moments GLA(sA)
and the magnetic tidal moments HLA(sA) (defined for l ≥
0 and l ≥ 1, respectively). Both the body and the tidal
moments are STF tensors on all indices. The explicit
expansion of the PN potentials in the body frame is
ΦA(sA,yA) =−
∞∑
l=0
1
l!
{
(−1)lMLA(sA)∂L
1
|yA|
+GLA(sA)y
L
A
+
1
c2
[
(−1)l(2l + 1)
(l + 1)(2l + 3)
µ˙LA(sA)∂L
1
|yA|
+
(−1)l
2
M¨LA(sA)∂L|yA| − ν˙LA(sA)yLA
+
1
2(2l+ 3)
G¨LA(sA)y
jjL
A
]}
+O(c−4) ,
ζiA(sA,yA) =−
∞∑
l=0
1
l!
{
(−1)lZiLA (sA)∂L
1
|yA|
+ Y iLA (sA)y
L
A
}
+O(c−2) , (24)
7where
ZiLA (sA) =
4
l + 1
M˙ iLA (sA)−
4l
l + 1
ǫji〈alJ
L−1〉j
A (sA)
+
2l− 1
2l+ 1
δi〈alµ
L−1〉
A (sA) +O(c
−2) , (25)
Y iLA (sA) =ν
iL
A (sA) +
l
l + 1
ǫji〈alH
L−1〉j
A (sA)
− 4(2l− 1)
2l+ 1
G˙
〈L−1
A δ
al〉i(sA) +O(c
−2) . (26)
Mass and electric moments are defined up to 1PN order,
while current and magnetic moments are defined just to
Newtonian level. The quantities µLA, ν
L
A (defined for l ≥ 0
and l ≥ 1, respectively, and not to be confused with sym-
metric mass ratio ν and reduced mass µ) are called in-
ternal and external gauge moments, respectively, because
they do not contain gauge-invariant information. As we
shall see below, they will be set to zero by choosing the
body-frame coordinate system.
In Eq. (24), the separation between the interior and ex-
terior degrees of freedom is clear and unique: the terms
with negative powers of |yA| depend on the body mul-
tipole moments; the terms with positive powers of |yA|
depend on the tidal moments. This expression is de-
fined in the buffer region where rA− < |yA| < rA+;
the body multipole moments encode the structure of
the strong-field region |yA| < rA−, while the tidal mo-
ments encode the gravitational fields generated by ex-
ternal (|yA| > rA+) sources and the inertial effects due
to the motion of the local asymptotic rest frame with
respect to the global frame8.
Using the residual gauge freedom in the coordinate
transformation (23), we choose the body-adapted gauge
for the local frame, by setting M iA = 0 and GA = 0; the
former ensures that the center of mass-energy of body
A is at yiA = 0, the latter that replacing the body by a
freely falling observer at yiA = 0, the proper time is mea-
sured by the coordinate sA. Moreover, we set to zero the
internal and external gauge moments, µLA = ν
L
A = 0, and
we choose the orientation of the body-frame spatial axes
to coincide with those of the global frame (see [57, 58]).
In the body-adapted gauge, the coordinate transforma-
tion (23) yields a function ziA(t) such that the equation
xi = ziA(t) describes the position of the body A in the
global frame. This is called the “center-of-mass world-
line” of the body A, but in general it does not parametrize
an actual worldline in spacetime (the global frame (t, xi)
is not defined in the strong-field region of the body, and
thus it is not defined in its center of mass). This func-
tion parametrizes the location of the local frame of the
body A in the global coordinate system. The same pro-
cedure gives the functions sA(t) relating the proper and
coordinate times of each body.
8 In general, discriminating between interior and exterior degrees
of freedom may be more subtle (see, e.g., Refs. [37, 62]).
The PN potentials of the global frame (22) can be ex-
pressed in terms of the global multipole moments of the
different bodies MLg,A(t), Z
iL
g,A(t) (defined for l ≥ 0 and
STF tensors on all (the last) l-indices):
Φg(t,x) =−
N∑
A=1
∞∑
l=0
(−1)l
l!
{
MLg,A(t)∂L
1
|x− zA(t)|
+
1
2c2
∂2t
[
MLg,A(t)∂L|x− zA(t)|
]}
+O
(
c−4
)
,
ζig(t,x) =−
N∑
A=1
∞∑
l=0
(−1)l
l!
ZiLg,A(t)∂L
1
|x− zA(t)|
+O
(
c−2
)
. (27)
This expansion is the sum of contributions from each
body, but it is defined in the entire spacetime (excluding
the strong-field regions only). The contribution from the
body A is centered at xi = ziA(t), and is parametrized
by the global multipole moments MLg,A, Z
iL
g,A. There are
no tidal terms, since there is no “exterior” tidal contri-
bution.
In the buffer region of body A, the PN potentials
Φg(t,x), ζ
i
g(t,x) can be expanded in a different way,
including the contributions from the bodies B 6= A in
the (electric and magnetic) global-frame tidal moments
GLg,A(t), Y
iL
g,A(t) (defined for l ≥ 0 and STF tensors on
all (the last) l-indices):
Φg(t,x) =−
∞∑
l=0
1
l!
{
(−1)lMLg,A(t)∂L
1
|x− zA(t)|
+GLg,A(t)[x − zA(t)]L
+
1
2c2
∂2t
[
MLg,A(t)∂L|x− zA(t)|
+
1
2l+ 3
GLg,A(t)[x − zA(t)]jjL
]}
+O
(
c−4
)
,
ζig(t,x) =−
∞∑
l=0
1
l!
{
(−1)lZiLg,A(t)∂L
1
|x− zA(t)|
+ Y iLg,A(t)[x − zA(t)]L
}
+O
(
c−2
)
. (28)
The global multipole momentsMLg,A, Z
iL
g,A can be written
in terms of the body-frame multipole moments of mass
and current, MLA(sA) and J
L
A(sA). The explicit expres-
sions are given in Appendix A, together with the expres-
sions of the body-frame tidal moments GLA, H
L
A in terms
of the global tidal moments.
Far away from all sources, the PN potentials of the
global frame can also be expanded in terms of the multi-
pole moments of the entire source, the system multipole
moments of mass MLsys(t) and current J
L
sys(t) (STF ten-
8sors defined for l ≥ 0 and l ≥ 1, respectively):
Φg(t,x) =−
∞∑
l=0
(−1)l
l!
{
MLsys(t)∂L
1
|x|
+
1
c2
[
(2l + 1)
(l + 1)(2l+ 3)
µ˙Lsys∂L
1
|x|
+
1
2
M¨Lsys∂L|x|
]}
+O
(
c−4
)
,
ζig(t,x) =−
∞∑
l=0
(−1)l
l!
ZiLsys(t)∂L
1
|x| + O
(
c−2
)
, (29)
where µLsys = Z
jjL
sys and
JLsys =
1
4
Zjk〈L−1sys ǫ
al〉kj . (30)
They are related to the global multipole moments of the
bodies by the relations [20, 58]
MLsys =
N∑
A=1
l∑
k=0
(
l
k
)[
M
〈L−K
g,A z
K〉
A
+
1
c2
1
2(2l+ 3)
∂2t
(
2M
j〈L−K
g,A z
K〉j
A
+M
〈L−K
g,A z
K〉jj
A
)]
− 1
c2
2l + 1
(l + 1)(2l + 3)
µ˙Lsys +O
(
c−4
)
, (31)
ZiLsys =
N∑
A=1
l∑
k=0
(
l
k
)
Z
i〈L−K
g,A z
K〉
A +O
(
c−2
)
. (32)
B. Equations of motion
The equations of motion of the body A are the or-
bital equation of motion [i.e., a differential equation for
ziA(t)], and the multipole equations of motion (i.e., a set
of differential equations for the lowest-order body-frame
multipole moments).
The multipole equations of motion have been derived
in Refs. [56, 57], and have the form:
M˙A =− 1
c2
∞∑
l=0
1
l!
[
(l + 1)MLAG˙
L
A + l M˙
L
AG
L
A
]
+O
(
c−4
)
, (33)
M¨ iA =
∞∑
l=0
1
l!
{
MLAG
iL
A +
1
c2
[
1
l+ 2
ǫijkM jLA H˙
kL
A
+
1
l+ 1
ǫijkM˙ jLA H
kL
A
− 2l
3 + 7l2 + 15l+ 6
(l + 1)(2l+ 3)
M iLA G¨
L
A
− 2l
3 + 5l2 + 12l+ 5
(l + 1)2
M˙ iLA G˙
L
A
− l
2 + l + 4
l + 1
M¨ iLA G
L
A
+
l
l+ 1
JLAH
iL
A −
4(l + 1)
(l + 2)2
ǫijkJjLA G˙
kL
A
− 4
l+ 2
ǫijkJ˙jLA G
kL
A
]}
+O
(
c−4
)
, (34)
J˙ iA =
∞∑
l=0
1
l!
ǫijkM jLA G
kL
A +O
(
c−2
)
, (35)
where MAL (t) = M
A
L (sA(t)), J
A
L (t) = J
A
L (sA(t)) and the
same holds for the other body-frame moments. These
equations have to be supplemented by the equations for
the multipole moments with l ≥ 2, which depend on
the internal dynamics of the bodies. In the adiabatic
approximation, they are given by Eq. (4).
The orbital equation of motion,
z¨iA = F iA[zjB, z˙jB,MLB , M˙LB , M¨LB , JLB , J˙LB] , (36)
can be obtained from the condition M¨ iA = 0, which fol-
lows from the gauge condition M iA = 0. Using the rela-
tions between multipoles in different frames [Appendix A,
Eqs. (A9)–(A15)], Eq. (34) yields the explicit form of
Eq. (36).
In the case of a binary system (N = 2), the dynamics
in the center-of-mass (COM) frame is described by the
orbital separation zi = zi2 − zi1. If we denote the two
velocities viA = z˙
i
A, the relative velocity is v
i = vi2 − vi1.
We also define the radial separation r = |z| =
√
δijzizj,
and the unit vector ni = zi/r. The radial velocity is r˙ =
vini. The equation of motion of the orbital separation
has the form
z¨i = z¨i2 − z¨i1 = F i2 −F i1 . (37)
If the orbit is circular (as expected in the late inspiral)
one gets r˙ = O(c−4). In this case, Eq. (37) yields the
radius-frequency relation r(ω), where ω/(2π) is the or-
bital frequency.
9C. Lagrangian formulation and gravitational
waveform
The equations of motion (37), together with the equa-
tions for the multipole moments in the adiabatic ap-
proximation, Eq. (4), can be derived from a general-
ized action principle, in terms of a Lagrangian function
L(zi, z˙i, z¨i,MLA , M˙LA , JLA). Therefore, given the explicit
expression of the equations of motion, it is possible to
derive the corresponding Lagrangian. The binding en-
ergy of the two-body system can be then obtained using
the standard techniques of Lagrangian and Hamiltonian
mechanics.
For a circular orbit, at 1PN order the energy is a func-
tion of the radial distance r only. Replacing the radius-
frequency relation r(ω), it is possible to express the en-
ergy as a function of the orbital angular velocity ω.
The GW flux emitted by the system is due to the pres-
ence of time-varying multipole moments, and is given (up
to next-to-leading order in the PN expansion) by [19]
F =
1
5c5
...
M
ij
sys
...
M
ij
sys +
1
189c7
....
M
ijk
sys
....
M
ijk
sys
+
16
45c7
...
J
ij
sys
...
J
ij
sys + Ftail +O(c
−9) , (38)
where
Ftail =
2
5c8
...
M
ij
sysU˙
ij
tail (39)
is the tail contribution to the flux, entering at 1.5PN
order beyond the leading term (see, e.g., [19, 63]). The
explicit expression of U ijtail for the two-body system is
given in Eq. (94). Using Eqs. (30)–(32) and the equations
in Appendix A, it is then possible to compute the flux in
terms of the mass and current moments of the bodies of
the system, MLA and J
L
A .
In the adiabatic approximation, the orbital and inter-
nal energy are related to the GW flux through the energy
balance relation
E˙ = −F . (40)
Assuming Eq. (40) and the stationary phase approxima-
tion, the Fourier transform of the gravitational waveform
can be written as h = Aeiψ where the phase ψ(ω) is given
in terms of the flux and the energy E(ω) by the differen-
tial relation
d2ψ
dω2
= − 2
F
dE
dω
, (41)
(see, e.g., [20] and references therein).
III. TIDAL INTERACTIONS OF A SPINNING
BINARY SYSTEM
In [20, 58], the approach described in the previous sec-
tion has been applied to the so-called “M1−M2−J2−Q2”
truncation. This is a system composed by two bodies,
the first characterized by its monopole mass moment M1
only, the second characterized by its monopole mass mo-
ment M2, its dipole current moment (i.e., its spin) J
i
2,
and its quadrupole mass moment M ij2 , which we call
Qij ; all other multipole moments identically vanish. As-
suming the adiabatic approximation (4) (which in this
truncation reduces to Qab = λ2G
ab
2 ) and neglecting PN
orders larger than one (i.e., neglecting O(c−4) terms), the
M1−M2−J2−Q2 truncation describes a binary system
of two nonspinning bodies with masses M1 and M2 and
(electric, quadrupolar) TLN λ2. Indeed, in this approxi-
mation it turns out that the spin J i2 is constant and can
be consistently set to zero. Moreover, the quadrupole
moment M ij1 tidally induced by body 2 (which is set to
zero in the M1−M2− J2 −Q2 truncation) can be easily
derived a posteriori by exchanging the indices 1↔ 2, as
explained below.
The PN waveform derived in [20, 58] includes the tidal
contribution to the phase up to next-to-leading order,
i.e. to overall 6PN order.9 The quadrupolar magnetic
contribution to the waveform of a nonspinning, tidally
interacting binary system, which also appears at 6PN
order, has been derived in Refs. [25, 26].
In this section, we extend the results of [20, 25, 58]
by including the effects of spin. To this aim, we apply
the approach described in Sec. II to a larger truncation
in which body 1 is characterized by its mass M1 and
spin J i1, while body 2 is characterized by its mass M2,
its spin J i2, its mass quadrupole moment Q
ij = M ij2 ,
its current quadrupole moment Sij = J ij2 , its mass
octupole moment Qijk = M ijk2 , and its current octupole
moment Sijk = J ijk2 . Moreover, we neglect the terms
quadratic in the spin. We remark that while the (mass
and current) multipole moments with l ≥ 2 are assumed
to be induced by tidal interactions only10, the masses
and spins MA, J
i
A are a priori features of the system.
Therefore, in our derivation we set to zero the l ≥ 2
moments of body 1, but include its mass and spin. At
the end of the computation, the tidally induced (l ≥ 2)
moments of body 1 will be easily obtained by simply
exchanging the indices A = 1, 2 of the two bodies, as
in [20, 58].
9 We remark that, although the current PN waveforms of com-
pact binaries only include up to 3.5PN-order terms in the point-
particle phase, the tidal interaction – which appears at 5PN or-
der – cannot be neglected (and indeed is detectable [1, 6, 7]).
This is due to the fact that a new dimensionful scale – the NS
radius R – appears in the tidal interaction, and the tidal terms
in the GW phase are magnified by a factor ∼ (c2R/M)5 [64].
10 The spin-induced quadrupole moment, anyway, would only enter
at quadratic order in the spin.
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A. Equations of motion
With our truncation, the equations of motion of the
mass monopole (i.e., the mass), the mass dipole and the
current dipole (i.e., the spin), namely Eqs. (33), (34), and
(35), respectively, reduce to
M˙1 =O
(
c−4
)
,
M˙2 =− 1
c2
(
3
2
QijG˙ij2 + Q˙
ijGij2
+
2
3
QijkG˙ijk2 +
1
2
Q˙ijkGijk2
)
+O
(
c−4
)
, (42)
M¨ i1 =M1G
i
1 +
1
c2
[
1
2
Jj1H
ij
1 − ǫijkJj1 G˙k1 − 2ǫijkJ˙j1Gk1
]
+O
(
c−4
)
,
M¨ i2 =M2G
i
2 +
1
2
QjkGijk2 +
1
6
QjkaGijka2 +
1
c2
[
1
3
ǫijkQjaH˙ka2 +
1
2
ǫijkQ˙jaHka2 +
1
4
ǫijkQjabH˙kab2 +
1
3
ǫijkQ˙jabHkab2
− 3QijG¨j2 − 6Q˙ijG˙j2 − 3Q¨ijGj2 −
80
21
QijkG¨jk2 −
65
9
Q˙ijkG˙jk2 −
10
3
Q¨ijkGjk2 +
1
2
Jj2H
ij
2 +
1
3
SjkHijk2 +
1
8
SjkaHijka2
− ǫijkJj2 G˙k2 −
8
9
ǫijkSjaG˙ka2 −
3
8
ǫijkSjabG˙kab2 − 2ǫijkJ˙j2Gk2 −
4
3
ǫijkS˙jaGka2 −
1
2
ǫijkS˙jabGkab2
]
+O
(
c−4
)
, (43)
J˙ i1 =O
(
c−2
)
,
J˙ i2 = ǫ
ijkQjaGka2 + ǫ
ijkQjabGkab2 +O
(
c−2
)
. (44)
The l ≥ 2 multipole moments are given, in the adiabatic
approximation, by the algebraic relations [see Eq. (4)]
Qab = λ2G
ab
2 +
λ23
c2
Jc2H
abc
2
Qabc = λ3G
abc
2 +
λ32
c2
J
〈c
2 H
ab〉
2
Sab =
σ2
c2
Hab2 + σ23J
c
2G
abc
2
Sabc =
σ3
c2
Habc2 + σ32J
〈c
2 G
ab〉
2 .
(45)
As discussed in Sec. II B, the orbital equations of motion
can be obtained by replacing Eq. (43) in the condition
M¨ iA = 0, which is a consequence of the gauge condition
M iA = 0.
At 0PN (i.e., Newtonian) order, the mass monopoles
are conserved and, setting to zero the right-hand side of
Eq. (43), we get
M1G
i
1 = O(c
−2)
M2G
i
2 +
1
2
QjkGijk2 +
1
6
QjkaGijka2 = O(c
−2) , (46)
where GiA = G
i
g,A− z¨iA [Eq. (A4)], and the global electric
tidal moments are [see Eq. (A7)]11
GLg,A = −∂(A)L φextA +O(c−2) , (47)
11 We remind that ∂
(A)
L denotes the derivatives with respect to z
i
A,
see Sec. I B.
where φextA is the Newtonian potential on the body A due
to the other bodies,
φextA =
∑
B 6=A
φintB = −
∑
B 6=A
∞∑
k=0
(−1)k
k!
MKB ∂
(A)
K
1
|zA − zB| .
(48)
With our truncation, φext1 = −M2/r − Qij∂(1)ij (1/r) +
Qijk∂
(1)
ijk(1/r), φ
ext
2 = −M1/r, and
M1z¨
i
1 =−M1∂(1)i φext1
=
M1M2
r2
ni +
15M1
2r4
Qjkn〈ijk〉
− 35M1
2r5
Qjkmn〈ijkm〉 +O(c−2) , (49)
while M2z¨
i
2 = −M1z¨i1 + O(c−2). In the COM frame,
zi = zi2 − zi1 (note that zi1 = −η2zi, zi2 = η1zi), and
Eq. (49) yields (see Sec. IB for notation)
z¨i =− M
r2
ni − 15M1
2r4
Qjkn〈ijk〉
+
35M1
2r5
Qjkmn〈ijkm〉 +O(c−2) . (50)
Before proceeding with the derivation of the equations of
motion at 1PN order, we note that the Newtonian equa-
tions of motion can also be obtained from a Lagrangian
function
L =
N∑
A=1
(
1
2
MAz˙
2
A +
1
2
∞∑
l=0
1
l!
MLAG
L
g,A + LintA
)
+O(c−2) , (51)
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which in our truncation becomes
L =1
2
M1z˙
2
1 +
1
2
M2z˙
2
2 +
M1M2
r
+
1
2
QijGijg,2
+
1
6
QijkGijkg,2 + Lint2 +O(c−2)
=
µz˙2
2
+
µM
r
− UQ2 − UQ3 + Lint2 +O(c−2) , (52)
where [see Eqs. (B1) and (B2)]
UQ2 =− 1
2
QijGijg,2 = −
3M1
2r3
nijQij +O(c−2) , (53)
UQ3 =− 1
6
QijkGijkg,2 =
5M1
2r4
nijkQijk +O(c−2) (54)
are the quadrupolar and octupolar Newtonian gravita-
tional potential energy, and Lint2 describes the internal
dynamics and depends on some internal degrees of free-
dom of body 2, which we call qα2 . The internal energy of
body 2 is
Eint2 = q˙
α
2
∂Lint2
∂q˙α2
− Lint2 . (55)
Remarkably, without any assumption on the dependence
of Lint2 on the variables qα2 , it is possible to derive an equa-
tion for the internal energy. Indeed, the Euler-Lagrange
equations for the Lagrangian (52) give
d
dt
∂Lint2
∂q˙α2
=
∂Lint2
∂qα2
+
1
2
Gijg,2
∂Qij
∂qα2
+
1
6
Gijkg,2
∂Qijk
∂qα2
, (56)
and replacing in the time derivative of Eq. (55) yields
E˙int2 =
(
1
2
Gijg,2
∂Qij
∂qα2
+
1
6
Gijkg,2
∂Qijk
∂qα2
)
q˙α2 +O(c
−2)
=
1
2
Gijg,2Q˙
ij +
1
6
Gijkg,2Q˙
ijk +O(c−2) . (57)
Equation (57) represents the energy transferred by the
tidal field to body 2 (tidal heating).
At 1PN order, the mass monopole of the body 2 is not
conserved anymore. Its evolution equation, Eq. (42), can
be written as
M˙2 =
1
c2
(
E˙int2 + 3U˙Q2 + 4U˙Q3
)
+O(c−4) , (58)
where E˙int2 is given in Eq. (57). The above equation
provides a way to partition the mass M2,
M2 =
nM2 +
1
c2
(
Eint2 + 3UQ2 + 4UQ3
)
+O(c−4) , (59)
where nM2 is the conserved Newtonian mass of body 2.
As we shall discuss below, this partitioning ofM2 is useful
to find an action principle for the system.
In order to derive the expressions of zi1(t) and z
i
2(t) at
1PN order, the right-hand side of Eq. (43) has to be ex-
pressed in terms of the body-frame multipole moments
up to the same order. To this aim, the expressions of Gi1
and GL2 with l = 1, . . . , 4 are needed up to 1PN order,
while those of Hij1 , H
L
2 with l = 2, . . . , 4 are needed up
to 0PN order. These expressions are given, for the gen-
eral case of N tidally interacting bodies, in Appendix A
[Eqs. (A9)–(A15)]. The computation of GL2 , H
L
2 with
l = 2, 3 for the truncated system is explicitly shown in
Appendix B (the derivation of the other tidal moments
is similar). With our truncation, replacing the evolution
equations for masses and spins, Eqs. (42) and (44), we
find the orbital equations of motion in the form
M1z¨
i
1 =F
i
1,M + F
i
1,J + F
i
1,Q2
+ F i1,Q3 + F
i
1,S2 + F
i
1,S3 , (60)
M2z¨
i
2 =F
i
2,M + F
i
2,J + F
i
2,Q2
+ F i2,Q3 + F
i
2,S2 + F
i
2,S3 , (61)
where the explicit expressions of the terms F iA,M , F
i
A,J ,
F iA,Ql, F
i
A,Sl (A = 1, 2, l = 2, 3) are given in Appendix C.
As a consistency check of Eqs. (60), (61), we have com-
puted the mass dipole of the system M isys, by applying
Eq. (31) to our truncation. Computing the second time
derivative of the mass dipole, and replacing the orbital
equations of motion (60), (61), we found that M¨ isys = 0
as expected from Eq. (43) applied to the entire system
(for which the tidal moments vanish).
The equations of motion in the COM frame are ob-
tained by subtracting those for the individual accelera-
tions, and replacing Eq. (59) (we recall that the total
mass M and the mass ratios η1, η2 are defined in terms
of the Newtonian masses nMA, see Sec. IB):
ai = z¨i = z¨i2 − z¨i1
= aiM + a
i
J + a
i
Q2 + a
i
Q3 + a
i
S2 + a
i
S3 . (62)
The mass and spin contributions are
aiM =−
M
r2
ni − 1
c2
M
r2
{
ni
[
(1 + 3ν)v2 − 3ν
2
r˙2
−2(2 + ν)M
r
]
− 2(2− ν)r˙vi
}
+O(c−4) , (63)
aiJ =
ǫabcJc2
c2η2r3
[
(3 + η2)v
aδbi − 3(1 + η2)r˙naδbi + 6naivb
]
+
ǫabcJc1
c2η1r3
[(3 + η1)v
aδbi − 3(1 + η1)r˙naδbi + 6naivb]
+O(c−4) . (64)
The mass quadrupole contribution is
12
aiQ2 =−
3Qab
2η2r4
[5nabi − 2naδbi] + 1
c2
{
Qab
r4
[
nabi
(
− 15
2η2
(1 + 3ν)v2 +
105η1
4
r˙2 +
12
η2
(5− 2η22)
M
r
)
+ naδbi
(
3
η2
(2 + 2η2 − 3η22)v2 −
15
2η2
(2− η2 − η22)r˙2 −
3
η2
(8 − η2 − 3η22)
M
r
)
+
15
η2
(2− ν)r˙nabvi
− 3
2η2
(7− 2η2 + 3η22)navbi −
15η1
2η2
(1 + η2)r˙n
aivb +
3η1
2η2
vabni +
3
2η2
(5− 4η2 − η22)r˙vaδbi
]
+
Q˙ab
r3
[− 3
2η2
(4− η2)nabvi − 15η1
2
r˙nabi +
6
η2
naivb − 3η1
η2
vaδbi +
3
η2
(1− 2η2 − η22)r˙naδbi]
+
Q¨ab
r2
[
3
4
nabi +
3
2
naδbi]− E
int
2
r2
ni
}
+
3η1
c2Mη22
ǫicdJc2
{
Qab
r5
[
5
2
nab(7r˙nd − vd) + (δad − 5nad)vb − 5r˙δadnb
]
+
Q˙ab
r4
(δad − 5
2
nad)nb
}
+
3
c2Mη1
ǫicdJc1
{
Qab
r5
[
5
2
nab(7r˙nd − vd) + (δad − 5nad)vb − 5r˙δadnb
]
+
Q˙ab
r4
(δad − 5
2
nad)nb
}
+
3ǫcdeJa1
c2Mν
{
Qbd
r5
[
5nab
(
δicve − δievc)+ 5nac (δibve − δievb)+ 5nbc (δiave − δieva)+ 35nabc (r˙δie − ni)
+ δab
(
δievc − δic)+ δac (δievb − δib)+ 5 (δabnc + δacnb) (ni − r˙δie) ]− Q˙bd
r4
δie
(
5nabc − δabnc − δacnb)}
+O(c−4) . (65)
The mass octupole contribution is
aiQ3 =
5Qabc
2η2r5
(
7niabc − 3δicnab)+O(c−2) . (66)
The current quadrupole contribution is
aiS2 =
4ǫbcd
c2η2
{
Sad
r4
[
na
(
δibvc − δicvb)+ nb (δiavc − δicva)+ 5nab (r˙δic − nivc) ]− S˙ad
r3
δicnab
}
+
Jc1
c2Mν
Sab
r5
[
4δbc
(
5nia − δia)+ 10 (δianbc + δibnac + δicnab)− 70niabc]+O(c−4) . (67)
Finally, the current octupole contribution is
aiS3 =
15
c2η2
{
Sbde
r5
nabvc
[
7
2
(ǫiaenc − ǫcaeni)nd − (ǫiadδce + ǫicdδae + ǫacdδie)
]
− S˙
bde
2r4
ǫiadnabe
}
+
45Jc1
4c2Mν
Sabc
r6
[
δcd
(
δianb + δibna − 7niab)− 7
3
(
δianbcd + δibnacd + δicnabd + δidnabc − 9niabcd) ]
+O(c−4) . (68)
In the above equations, all the contributions to the or-
bital acceleration are given up to 1PN order, with the
exception of the mass octupole contribution (66), which
is given to 0PN order only. This is sufficient to determine
the GW phase up to 6.5PN order.
As we shall discuss in Sec. III D, in a circular, compact
binary system, up to first order in the spins (parallel to
the orbital angular momentum), the tidally induced mass
and current l-pole moments contribute to the GW wave-
form to order (2l + 5/2)PN through the ordinary TLNs
and to order (2l + 1/2 + 2δl2)PN through the RTLNs,
respectively.
B. Lagrangian
The orbital equation of motion in the COM frame,
z¨i = aiM + a
i
J + a
i
Q2 + a
i
Q3 + a
i
S2 + a
i
S3 [Eq. (62)], can
13
be derived from an action principle [58]. One first writes
the most general Lagrangian consistent with the trun-
cation and at most linear in the spin, which will de-
pend on a set of free coefficients. Then, applying the
Euler-Lagrange equations (Eq. (70), see below) to the
Lagrangian, replacing the evolution equations for J i1, J
i
2
and Eint2 , Eqs. (44) and (57), and comparing with the
orbital equations of motion [Eq. (62)], it is possible to
find the values of the coefficients, which will only depend
on the masses of the two bodies. Following this approach
we find that the Lagrangian is
Lorb(z,v,a) = LM +LJ+LQ2+LQ3+LS2+LS3 . (69)
The explicit expressions of the different terms in Eq. (69)
are given in Sec. ID, in Eqs. (7)–(12). Note that Eq. (69)
is a generalized Lagrangian, since it depends on the (rela-
tive) acceleration ai, together with the (relative) position
and velocity; the action is stationary if the generalized
Euler-Lagrange equations are satisfied,(
∂
∂zi
− d
dt
∂
∂vi
+
d2
dt2
∂
∂ai
)
Lorb = 0 . (70)
As discussed in [58], a generalized Lagrangian is needed
in order to obtain the spin contribution of the orbital
equation of motion, aiJ , from an action principle.
12 We
remark that the mass monopole contribution to the ac-
celeration aiM , Eq. (63), is only due to the monopole term
of the Lagrangian, LM . The spin contribution to the ac-
celeration aiJ , Eq. (64), is only due to the spin term of
the Lagrangian, LJ . The mass quadrupole contribution
to the acceleration aiQ2, Eq. (65), arises from terms in
LM , LJ and LQ2. Finally, the current quadrupole and
the (mass and current) octupole contributions to the ac-
celeration aiS2, a
i
Q3, a
i
S3, Eqs. (66)–(68), arise from LS2,
LQ3 and LS3, respectively.
It is possible to extend the Lagrangian Lorb in order
to also describe the adiabatic evolution of the mass and
current quadrupole and octupole moment (Qij , Sij , Qijk,
Sijk), i.e., to enforce the adiabatic relations in Eq. (4).
In this derivation, we shall use the explicit expressions of
the l = 2, 3 tidal moments of body 2, which have been
derived in Appendix B [see Eqs. (B6)–(B10)].
At 0PN order, the mass multipole contributions to the
Lagrangian are
LQ2 =1
2
Gab2 Q
ab +O(c−2) , (71)
LQ3 =1
6
Gabc2 Q
abc +O(c−2) , (72)
12 The equations of motion (and then the Lagrangian) for a spin-
ning two-body system depend on the spin supplementary con-
dition assumed [65]. Choosing a different spin supplementary
condition (i.e., a different gauge), it is possible to make the La-
grangian independent of the acceleration.
while LS2 ∼ LS3 ∼ O(c−2).13
Up to 1PN order, the mass quadrupole contribution
LQ2 (9) can be written as
LQ2 = UabQab + V abQ˙ab +WEint2 +O(c−4) , (73)
where Uab(z,v), V ab(z,v), W (z,v) are the coefficients
appearing in Eq. (9), i.e.,
Uab =
3η1M
2r3
nab +
1
c2
M
r3
[
nab
(
3η1
4
(3 + ν)v2
+
15νη1
4
r˙2 − 3η1
2
(1 + 3η1)
M
r
)
+
3η21
2
vab − 3η
2
1
2
(3 + η2)r˙n
avb
]
+
1
c2
3
r4
ǫecaJd1
(
5nbcd − δbdnc − δcdnb) ve , (74)
V ab =
1
c2
M
r2
[−3ν
2
navb − 3ν
4
r˙nab] , (75)
W =
1
c2
[
η21
2
v2 + η1
M
r
]
. (76)
As discussed in Sec. III A, we do not explicitly compute
the O(c−2) corrections in the mass octupole contribution
because they do not affect the tidal contribution to the
GW phase to 6.5PN order. The current quadrupole and
octupole contributions to the Lagrangian, up to 1PN or-
der, can be written as:
LS2 = 1
3c2
Hab2 S
ab +O(c−4) , (77)
LS3 = 1
8c2
Habc2 S
abc +O(c−4) . (78)
Comparing Eqs. (74)–(76) with the expression of Gab2 at
1PN order [Eq. (B10)], we find that
Gab2 = 2(1 +W )(U
〈ab〉 − V˙ 〈ab〉) +O(c−4) , (79)
an expression which will be useful below.
Let us now define the Lagrangian
L(z,v,a, QL, Q˙L, SL) =Lorb(z,v,a, QL, Q˙L, SL)
+ Lint2 (QL, SL) . (80)
The internal Lagrangian Lint2 only depends on the inter-
nal degrees of freedomQab, Qabc, Sab, Sabc, and describes
the internal dynamics, while the orbital Lagrangian de-
pends both on the orbital degrees of freedom and on
the momenta QL, SL. Note that LQ2 also depends on
13 For a generic mass multipole moment of order l, the contribution
to the Newtonian Lagrangian is LQl = 1l!GL2 QL + O(c−2). In
the case of current multipole moments, the structure is akin to
the Newtonian one, but at order 1PN, LSl = 1c2
1
l!
l
l+1
HL2 S
L +
O(c−4).
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Eint2 /c
2 [see Eqs. (73), (76)]; in order to write the Euler-
Lagrange equations, we need to know the explicit form
of Eint2 (Q
L, SL), at 0PN order. To this aim, note that,
replacing the adiabatic relations (4) in Eq. (57) we find,
at leading order,
E˙int2 =
1
2
Gab2 Q˙
ab +
1
6
Gabc2 Q˙
abc +O(c−2)
=
1
4λ2
d
dt
(QabQab) +
1
12λ3
d
dt
(QabcQabc)
+O(c−2) . (81)
Therefore, the internal energy (at Newtonian level) has
the form
Eint2 =
1
4λ2
QabQab +
1
12λ3
QabcQabc +O(c−2) . (82)
The corresponding internal Lagrangian is Lint2 =
−Eint2 , and the Euler-Lagrange equations(
∂
∂q
− d
dt
∂
∂q˙
)
L = 0 (83)
(where q = {Qab, Qabc, Sab, Sabc}) give the Newtonian
adiabatic relations, Qab = λ2G
ab
2 + O(c
−2), Qabc =
λ3G
abc
2 +O(c
−2).
At 1PN order we cannot use Eq. (81) to derive the
expression of the internal energy, because that equation
is only given up to Newtonian order. We instead look for
an expression which reduces to (82) at 0PN order, and
which yields the correct adiabatic relations (4) at 1PN
order. We find that if14
Lint2 =− Eint2 = −
1
4λ2
QabQab − 1
12λ3
QabcQabc
− 1
6σ2
SabSab − 1
16σ3
SabcSabc
+ αJa2Q
bcSabc + βJa2S
bcQabc , (84)
the Euler-Lagrange equations (83) give
Qab =λ2G
ab
2 + 2λ2αJ
c
2S
abc +O(c−4) ,
Qabc =λ3
(
Gabc2 + O(c
−2)
)
+ 6λ3βJ
〈c
2 S
ab〉
+O(c−4) ,
Sab =
σ2
c2
Hab2 + 3σ2βJ
c
2Q
abc +O(c−4) ,
Sabc =
σ3
c2
Habc2 + 8σ3αJ
〈c
2 Q
ab〉 +O(c−4) , (85)
where Gab2 in the above expression is precisely given by
Eq. (79) to this PN order.
In order to simplify the above expressions, it is useful
to substitute the adiabatic expressions for QL and SL
to lowest order in the spin, and truncate the result to
linear order in the spin. This is clearly consistent with
our perturbative scheme which neglects quadratic and
higher-order spin terms. This substitution yields
Qab =λ2G
ab
2 +
2λ2σ3α
c2
Jc2H
abc
2 +O(c
−4) ,
Qabc =λ3
(
Gabc2 +O(c
−2)
)
+
6λ3σ2β
c2
J
〈c
2 H
ab〉
2
+O(c−4) ,
Sab =
σ2
c2
Hab2 + 3λ3σ2βJ
c
2G
abc
2 +O(c
−4) ,
Sabc =
σ3
c2
Habc2 + 8λ2σ3αJ
〈c
2 G
ab〉
2 +O(c
−4) , (86)
which coincide with the adiabatic relations (4) [with the
replacement (14)] at 1PN order, to leading order in the
tidal moments, and to linear order in the spin. We re-
mark that Eq. (84) has been obtained under the assump-
tion that the multipole moments are tidally induced and
neglecting the contributions quadratic in the spin; there-
fore, in the Newtonian limit Eq. (84) reduces to Eq. (82).
Finally, we note that, replacing the adiabatic relations
Eqs. (4) in Eq. (44), it follows that the spins of the two
bodies are constant.
C. Gravitational waveform
In order to derive the gravitational waveform, we need
the radius-frequency relation (to 1PN order) for a circular
binary. In this case, ni = (cos(ωt), sin(ωt), 0), vi = rωφi
where φi = (− sin(ωt), cos(ωt), 0). We assume the spins
of the two bodies to be parallel to the orbital angular mo-
mentum. Therefore, we can write J iA = JAs
i (A = 1, 2),
where si = ǫijknjφk = (0, 0, 1), and define the dimension-
less spin variables χA = cJA/(ηAM)
2. Replacing these
expressions in the orbital equations of motion, Eq. (62),
using the Newtonian orbital acceleration Eq (50) to sim-
plify the expressions of higher PN order, and imposing
the adiabatic relations (4), we find
14 Note that this is the most general Lagrangian function, which
can be built from the multipole moments of our truncation, and
which is at most quadratic in the internal degrees of freedom and
linear in the spin.
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r =
M1/3
ω2/3
{
1 +
ν − 3
3
x+
[
(η1 − 3)η1
3
χ1 +
(η2 − 3)η2
3
χ2
]
x1.5 +O(x2) +
3η1
η2
c10
M5
λ2x
5
+
[
− η1
2η2
(
6− 26η2 + η22
) c10
M5
λ2 +
16η1
η2
c8
M5
σ2
]
x6 +
[(
2η1 (9− 2η2)χ2 − 4η
3
1
η2
χ1
)
c10
M5
λ2 − 48η
2
1
η2
χ1
c8
M5
σ2
+
νχ2c
10
M4
(−24λ23 + 8λ32 + 8σ23 − 6σ32)
]
x6.5 +O(x7)
}
, (87)
where the first line (up to order O(x2)) refers to the point-particle terms, and the others refer to the tidal terms to
linear order in the spin. We recall that x = (ωM)2/3/c2 = v2/c2 +O(c−4).
Replacing the adiabatic relations (4) in the Lagrangian (5) yields the reduced Lagrangian
L(z,v,a) =µv
2
2
+
µM
r
(
1 +
3η1
2η2
λ2
r5
+
15η1
2η2
λ3
r7
)
+
µ
c2
{
1− 3ν
8
v4 +
M
r
[
v2
(
3 + ν
2
+
3η21(5 + η2)
4η2
λ2
r5
)
+r˙2
(
ν
2
− 9η1(1− 6η2 + η
2
2)
2η2
λ2
r5
)
+
M
r
(
−1
2
+
3η1(−7 + 5η2)
2η2
λ2
r5
)]}
+
ǫabc
c2
vb
[
(η2J
a
1 + η1J
a
2 )
2M
r2
nc +
(
η22J
a
1 + η
2
1J
a
2
) ac
2
]
+
λ2
c2
9η1M
r7
ǫabcnaJb1v
c
+
σ2
c4
[
12η21M
2
r6
(
v2 − r˙2)+ 24η1M
r7
ǫabcnaJb1v
c
]
+
σ3
c4
[
60η21M
2
r8
(
v2 − r˙2)+ 180η1M
r9
ǫabcnaJb1v
c
]
+
η21M
2
c2r7
(48λ2σ3α− 36λ3σ2β) ǫabcnaJb2vc . (88)
Note that the contributions from the RTLNs in the above equation only enter through the terms proportional to α and
β. However, these terms are linear in the velocity, and therefore they do not contribute to the conserved energy below
and to the GW waveform. As we show below, the RTLNs enter in the GW waveform through the radius-frequency
relation and through the GW flux.
From the above reduced Lagrangian, the conserved energy of our truncation then reads [65]
E =vi
(
∂L
∂vi
− d
dt
∂L
∂ai
)
+ ai
∂L
∂ai
− L
=
µv2
2
− µM
r
(
1 +
3η1
2η2
λ2
r5
+
15η1
2η2
λ3
r7
)
+
µ
c2
{
3(1− 3ν)
8
v4 +
M
r
[
v2
(
3 + ν
2
+
3η21(5 + η2)
4η2
λ2
r5
)
+ r˙2
(
ν
2
− 9η1(1− 6η2 + η
2
2)
2η2
λ2
r5
)
−M
r
(
−1
2
+
3η1(−7 + 5η2)
2η2
λ2
r5
)]}
+
ǫabc
c2
vbac
(
η22J
a
1 + η
2
1J
a
2
)
+
σ2
c4
12η21M
2
r6
(
v2 − r˙2)+ σ3
c4
60η21M
2
r8
(
v2 − r˙2) . (89)
For a circular orbit, replacing the radius-frequency relation (87), the conserved energy can be written as
E =− µ
2
(Mω)2/3
{
1− 9 + ν
12
x+
[
2η2(η2 + 3)
3
χ2 +
2η1(η1 + 3)
3
χ1
]
x1.5 +O(x2)− 9η1
η2
c10
M5
λ2x
5
−
[
11η1
2η2
(
3 + 2η2 + 3η
2
2
) c10
M5
λ2 +
88η1
η2
c8
M5
σ2
]
x6 +
{[
24η1(η2 − 3)χ2 + 24η
3
1
η2
χ1
]
c10
M5
λ2 +
192η21
η2
χ1
c8
M5
σ2
+
c10νχ2
M4
(96λ23 − 32λ32 − 32σ23 + 24σ32)
}
x6.5 +O(x7)
}
. (90)
Note that in this equation the RTLNs (λ23, λ32, σ23, and σ32) appear explicitly, since the adiabatic relations have
been used to obtain Eq. (87).
The GW flux (at 1.5PN) is given in Eq. (38), whereas the multipole moments of system are given by Eqs. (30)–(32).
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Within our truncation and for a circular orbit they read15
M ijsys =Q
ij + µr2n〈ij〉 +
1
c2
{
µr2
[(
29(1− 3ν)v2
42
+
(8ν − 5)M
7r
)
n〈ij〉 +
(
11(1− 3ν)
21
)
v〈ij〉
]
+
4r
3
(
2van〈i − nav〈i
)
ǫj〉ab
(
η21J
b
2 + η
2
2J
b
1
)
+
[ (
Eint2 + 3UQ2
)
η21r
2n〈ij〉 − η1M
42r
(
2(46η21 + 109η1η2 + 63η
2
2)Q
ij
− 3(52η21 + 4η1η2 − 25η22)n〈ij〉abQab − 6(15η21 + 21η1η2 + 11η22)na〈iQj〉a
)
+
η21v
2
42
(
29Qij − 66φa〈iQj〉a
)
+
2η21r
21
(
n〈iQ˙j〉ava + 8v〈iQ˙j〉ana
)
+
η21r
2
42
(
11Q¨ij − 12na〈iQ¨j〉a
) ]
+
8η1
9
(
2ǫab〈iSj〉bva − rǫab〈iS˙j〉bna
)}
+O(c−4) (91)
M ijksys = µr
3(η1 − η2)n〈ijk〉 + 3η1rQ〈ijnk〉 +O(c−2) (92)
J ijsys = S
ij + µr2(η1 − η2)ǫab〈inj〉avb + 3r
2
(
η1J
〈i
2 − η2J〈i1
)
nj〉 +
η1
2
(
−2ǫab〈iQj〉bva + rǫab〈iQ˙j〉bna
)
+O(c−2) . (93)
The tail term appearing in Eq. (38) is given at the leading-order by [19, 63]
U ijtail(U) = 2M
∫ ∞
0
....
M
ij
sys(U − τ)
[
log
(
cτ
2r0
)
+
11
12
]
dτ , (94)
where U = t − r/c − (2M/c3) log (r/r0) is the retarded time in radiative coordinates and r0 a gauge-dependent
arbitrary constant due to the freedom of choice of the radiative coordinates themselves. The final result in the GW
flux is independent of r0 [19, 21]. Replacing Eqs. (91)–(94) into Eq. (38), and using the adiabatic relations (4) and
the radius-frequency relation (87), the energy loss by GW emission can be written as
E˙ =− 32
5
ν2c5x5
{
1−
(
1247
336
+
35
12
ν
)
x+
[
4π − η2(5 + 6η2)
4
χ2 − η1(5 + 6η1)
4
χ1
]
x1.5 +O(x2)
+
6(3− 2η2)
η2
c10
M5
λ2x
5 +
[(−704− 1803η2 + 4501η22 − 2170η32)
28η2
c10
M5
λ2 +
2(113− 114η2)
3η2
c8
M5
σ2
]
x6
+
{[
24π(3− 2η2)
η2
+
(667− 939η2 + 304η22)
8
χ2 +
(−395 + 1110η2 − 1019η22 + 304η32)
8η2
χ1
]
c10
M5
λ2
+
[
χ2 +
(−613 + 1225η2 − 612η22)
3η2
χ1
]
c8
M5
σ2
+
c10χ2
M4
[
8η2(−17 + 12η2)λ23 + 32νλ32 +η2(113− 114η2)
3
σ23 − 24νσ32
]}
x6.5 +O(x7)
}
. (95)
15 We recall that to get the GW phase up to 6.5PN order we need
to include the mass octupole moment Qijk of the body 2 only
at the leading order. Since this term enters to the GW flux at
the next-to-leading order, we can safely neglect its contribution
to the system multipole moments.
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Finally, Eq. (41) gives the phase of gravitational waveform:
ψ(x) =
3
128νx5/2
{
1 +
(
3715
756
+
55
9
ν
)
x+
(
113
3
(η1χ1 + η2χ2)− 38
3
ν(χ1 + χ2) − 16π
)
x1.5 +O(x2)
+
(
264− 288
η2
)
c10λ2
M5
x5 +
[(
4595
28
− 15895
28η2
+
5715η2
14
− 325η
2
2
7
)
c10λ2
M5
+
(
6920
7
− 20740
21η2
)
c8σ2
M5
]
x6
+
{[(
593
4
− 1105
8η2
+
567η2
8
− 81η22
)
χ1 +
(
−6607
8
+
6639η2
8
− 81η22
)
χ2 −π
(
264− 288
η2
)]
c10λ2
M5
+
[(
−9865
3
+
4933
3η2
+ 1644η2
)
χ1 − χ2
]
c8σ2
M5
+
c10χ2
M4
[ (
856η2 − 816η22
)
λ23 −
(
833η2
3
− 278η22
)
σ23
− ν (272λ32 − 204σ32)
]}
x6.5 +O(x7)
}
. (96)
As previously explained, to obtain the full GW phase up
to octupole mass and current moments for both bodies,
it is sufficient to add to Eq. (96) the same expression
obtained by exchanging the indices 1 and 2 of the two
bodies. The result is given in Eq. (15).
D. PN order counting of the spin-tidal terms
As shown in Sec. III C, the spin-tidal couplings com-
puted above modify the GW phase (15) at 6.5PN or-
der, i.e., 1.5PN order after the leading-order (electric,
quadrupolar) tidal deformability term, and 0.5PN order
before the standard, electric, octupolar tidal deformabil-
ity term. It is interesting to generalize this counting to
multipole moments and tidal moments of generic har-
monic index l.
Let us start by considering the contribution from
RTLNs. First of all, we notice that QL (respectively, SL)
enters the waveform at lPN (respectively, (l + 1/2)PN)
order [19, 53, 54]. Indeed, the contribution of QL to
the radial acceleration in the binary system is of the or-
der [57]
|ai| ∼ Q
L
rl+2
, (97)
to be compared to the Newtonian term |ai| ∼M/r2. On
the other hand, the contribution of SL is suppressed16
by an extra power of v/c. Furthermore, according to the
selection rules discussed in Ref. [42], QL (respectively,
SL) is induced by HL±1 (respectively, GL±1) at linear
order in the spin. Since HL±1 ∼ vGL±1 ∼ v/rl+1±1 ∼
(l + 3/2 ± 1)PN, we obtain that the PN order of the
16 Since GL and HL enter, respectively, at l+1 and l+3/2 leading
PN order, the leading-order corrections from the ordinary TLNs
in the nonspinning case is (2l+1)PN and (2l+2)PN for electric
and magnetic TLNs of order l, respectively.
corrections proportional to the spin and to the RTLNs is
PN orderRTLNs = l +
(
l +
3
2
± 1
)
= 2l+
3
2
± 1 , (98)
where the upper and lower signs refer to the coupling
between an l-pole moment and the tidal moment with
l+1 and l− 1, respectively. This result is interesting for
the following reasons:
(i) When l ≥ 3, the lower sign clearly provides the low-
est PN correction, namely (2l+1/2)PN. For exam-
ple, the coupling between l = 4 multipole moments
with octupolar tidal moments would give rise to
8.5PN terms, whereas for l = 3 we obtain the 6.5PN
correction computed in the previous sections.
(ii) On the other hand, for l = 2 the absence of any
dipolar tidal moment that could potentially induce
a quadrupole moment imposes to use the upper sign
in the above equation. This gives again a 6.5PN
term, consistent with our analysis.
(iii) When compared to the PN order of the usual TLNs
in the nonspinning case (namely (2l + 1)PN and
(2l + 2)PN for electric and magnetic TLNs of or-
der l, respectively, see footnote 16), it is clear that
the contribution in Eq. (98) with the lower sign en-
ters at lower PN order than the usual TLNs in the
nonspinning case for any l ≥ 3. Indeed, for any
l ≥ 3, it enters at 0.5PN (1.5PN) before the electric
(magnetic) TLN of order l.
(iv) For both signs in Eq. (98), the PN order of RTLNs
is the average between the PN order of an ordinary
tidal term of order l and the tidal term of opposite
parity and with l ± 1. This is reminiscent of the
selection rules discussed in Ref. [42].
Let us now focus on the spin-tidal corrections com-
ing from the ordinary TLNs. Their PN order can be
computed again by noticing that QL (respectively, SL)
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enters the waveform at lPN (respectively, (l+1/2)PN) or-
der, as discussed above. On the other hand, the leading-
order spin terms in GL and HL enter, respectively, at
(l + 1+ 3/2)PN and at (l + 3/2 + 1/2)PN order. There-
fore, the overall, leading-order, spin-tidal contributions
of the ∼ QLGL and ∼ SLHL couplings both enter at
(2l + 5/2)PN order.
To summarize, the leading-order, spin-tidal corrections
coming from the excitation of l-pole moments at linear
order in the spin read
PN orderspin−TLNs =2l+
5
2
,
PN orderRTLNs =2l+
1
2
+ 2δl2 , (99)
where the first and second line refer to terms proportional
to the ordinary TLNs and to the RTLNs, respectively.
Interestingly, the PN orders of the two contributions co-
incide only when l = 2, yielding the 6.5PN terms dis-
cussed in this work [the terms Λ˜, Σ˜, and Γ˜ in Eq. (15)].
For l ≥ 3, the contribution from the RTLNs is always
dominant.
E. Are Lagrangian formulation and perturbation
theory compatible?
In Ref. [42], four RTLNs were introduced to describe
(at linear order in the spin) the coupling between l = 2, 3
multipole moments of a spinning object with l = 2, 3 tidal
moments. According to the selection rules described in
Ref. [42], λ23 describes how a mass quadrupole moment
is induced by an octupolar magnetic tidal moment at
linear order in the spin, whereas σ32 describes how a
current octupole moment is induced by a quadrupolar
tidal moment. A similar argument applies to λ32 and
σ23.
However, as previously discussed, our interaction La-
grangian (13) contains only two coupling terms propor-
tional to the spin and which are responsible for the cou-
pling between multipole moments and tidal moments
with opposite parity and l ↔ l ± 1. In other words,
a Lagrangian formulation seems to predict two RTLNs,
rather than the four RTLNs that have been explicitly
computed in Ref. [42].
One might be tempted to think that a relation exists
between λ23 and σ32 (and between λ32 and σ23) so that,
once the four RTLNs are explicitly computed, they would
satisfy the relations (14). Unfortunately, we have checked
if this is the case by explicitly computing the RTLNs for
neutron stars using perturbation theory as discussed in
Ref. [42], and found no numerical evidence for a rela-
tion between those RTLNs. In fact, we believe that such
putative relation can hardly emerge from the perturbed
Einstein equations, since electric-led and magnetic-led
RTLNs belong to two different sectors, namely to Zerilli
and Regge-Wheeler perturbations, respectively. While it
is true that the two sectors enjoy some special symme-
tries in the case of Schwarzschild black holes [66], such
symmetries are broken for material bodies and we do
not see any reason why the corresponding RTLNs should
be related by (truly) universal relations which should be
completely independent of the body composition17.
On the other hand, the fact that in the approach
presented here only two RTLNs are independent seems
intrinsically related with the Lagrangian formulation,
which clearly introduces the same coupling constant in
two different Euler-Lagrange equations. To better illus-
trate this point, let us make a specific example. The
coupling
Lint2 ⊃ αJa2QbcSabc (100)
contributes to the Euler-Lagrange equations for both Qab
and Sabc. In the former case, it gives a term ∼ αJa2Sabc,
whereas in the latter case it gives ∼ αJa2Qbc. In both
cases, the terms depend on the same coupling factor, α.
Unfortunately, at the moment we are not able to ex-
plain this apparent inconsistency. One option could be
that a Lagrangian formulation fails to reproduce the full
couplings that arise in perturbation theory; however, we
consider this option as unlikely. Other possible expla-
nations could come from a nontrivial static limit of the
dynamical action describing the time evolution of the in-
duced multipole moments [50], or by the role of the inter-
nal fluid dynamics, or finally by some hidden symmetry
of the perturbation equations that effectively reduces the
number of independent RTLNs to two. We plan to in-
vestigate this issue elsewhere. We stress, however, that
the expression for the GW phase in Eq. (15) can also
accommodate putative relations among the RTLNs.
IV. DISCUSSION AND OUTLOOK
We have computed, for the first time, the spin-tidal
couplings that modify the dynamics of two orbiting bod-
ies in general relativity at the leading PN order and at
linear order in the spin. These corrections depend on
both the standard TLNs and on the RTLNs recently in-
troduced in previous work. Our main result is Eq. (15),
which provides the new spin-tidal terms for the GW
phase of circular binaries with spins orthogonal to the
orbital plane. All these new terms modify the phase at
1.5PN order relative to the standard, quadrupolar, tidal
deformability term at the leading order. At linear order
in the spin, the terms computed here should include all
the tidal terms up to 6.5PN order. The new terms com-
puted here enter the GW phase at a lower order relative
17 We stress that, although there is some tension between some
of the RTLNs computed in Ref. [42] and those computed by
other groups [46], the fact that the electric-led and magnetic-led
RTLNs are independent should not be affected by such discrep-
ancy.
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to the standard, octupolar tidal terms. We proved that
this is the case for any RTLN with l ≥ 3.
We have encountered a conceptual problem related to
the inclusion of the RTLNs in the Lagrangian formula-
tion. We hope that our results will motivate more work
which may shed light on this issue.
An analysis of the impact of spin-tidal couplings in the
parameter estimation of binary NSs is ongoing and will
appear in a follow-up paper [52].
Another application of our results is related to GW
searches for exotic compact objects [33, 34]. Since the
TLNs of a black hole are zero [38–41], measuring the ef-
fect of the tidal deformability in the waveform of a binary
coalescence provides an independent way to distinguish
black holes from other exotic compact alternatives [30–
32, 35]. There is no reason to expect that black-hole
mimickers should be slowly spinning (this is particularly
true for supermassive objects in the LISA band, whose
spin might grow through accretion). Thus, the inclusion
of the spin-tidal couplings computed here will greatly im-
prove previous analysis [32].
Note added. – After completion of this work, we had
been informed of a related work by Landry [67]. Beside
the different notation, our work differs from Ref. [67] be-
cause it includes also the spin-tidal terms proportional to
the ordinary TLNs. While our result for the energy flux
agrees with that of Ref. [67] in the appropriate particu-
lar case, our result for the GW phase does not agree with
that derived in Ref. [67]. We believe that the source of
discrepancy is a different definition of the energy of the
binary system. We also note that our results for both
the energy flux and the GW phase agree with those of
Refs. [25, 26] when neglecting spin effects.
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Appendix A: Multipole moments transformation
between body frame and global frame
The global multipole moments of a system of N struc-
tured bodies, MLg,A, Z
iL
g,A, can be expressed in terms
of the body-frame mass and current multipole moments
MLA , J
L
A (up to 1PN order for the mass moments, 0PN
order for the current moments) as [57, 58]:
MLg,A =M
L
A + c
−2
[(
3
2
v2A − (l + 1)Gg,A
)
MLA
− 2l
2 + 5l− 5
(l + 1)(2l + 3)
vjAM˙
jL
A
− 2l
3 + 7l2 + 16l+ 7
(l + 1)(2l+ 3)
ajAM
jL
A
− 2l
2 + 17l− 8
2(2l+ 1)
v
j〈al
A M
L−1〉j
A
+
4l
l + 1
vjAǫ
jk〈alJ
L−1〉k
A
]
+O
(
c−4
)
, (A1)
ZiLg,A =
4
l + 1
M˙ iLA + 4v
i
AM
L
A
− 4(2l− 1)
2l + 1
vjAM
j〈L−1
A δ
al〉i
− 4l
l + 1
ǫji〈alJ
L−1〉j
A +O
(
c−2
)
, (A2)
where
Gg,A =
∑
B 6=A
∞∑
k=0
(−1)k
k!
MKB ∂
(A)
K
1
|zA − zB| +O
(
c−2
)
.
(A3)
The tidal moments in the body frame GLA(sA),
HLA(sA), which enter in Eq. (34) and then in the orbital
equations of motion, can be expressed in terms of the
global multipole moments as follows. At Newtonian or-
der,
GiA =G
i
g,A − z¨iA +O(c−2) , (A4)
GLA =G
L
g,A +O(c
−2) l ≥ 2 , (A5)
HLA =Y
jk〈L−1
g,A ǫ
al〉jk − 4vjAGk〈L−1g,A ǫal〉jk
− l!Λjk〈L−1ζ,A ǫal〉jk +O(c−2) l ≥ 1 , (A6)
where the global-frame electric and magnetic tidal mo-
ments are
GLg,A =
∑
B 6=A
∞∑
k=0
(−1)k
k!
MKB ∂
(A)
KL
1
|zA − zB| +O
(
c−2
)
,
(A7)
Y iLg,A =
∑
B 6=A
∞∑
k=0
(−1)k
k!
ZiKg,B ∂
(A)
KL
1
|zA − zB| +O
(
c−2
)
,
(A8)
and ZiKg,B is given in Eq. (A2).
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At 1PN order, the electric tidal moments are
GLA =F
L
g,A − l!ΛLΦ,A +
1
c2
[
Y˙
〈L〉
g,A − vjAY jLg,A + (2v2A − lGg,A)GLg,A − (l/2)vj〈alA GL−1〉jg,A + (l − 4)v〈alA G˙L−1〉g,A
− (l2 − l + 4)a〈aLA GL−1〉g,A − (l − 1)!Λ˙〈L〉ζ,A
]
+O
(
c−4
)
l ≥ 1 , (A9)
where
FLg,A =
∑
B 6=A
∞∑
k=0
(−1)k
k!
[
NKg,B ∂
(A)
KL
1
|zA − zB| +
1
2c2
PKg,B ∂
(A)
K〈L〉|zA − zB|
]
+O
(
c−4
)
(A10)
NLg,A =M
L
g,A +
1
(2l + 3)c2
[v2AM
L
A + 2v
j
AM˙
jL
A + 2lv
j〈al
A M
L−1〉j
A + a
j
AM
jL
A ] +O
(
c−4
)
(A11)
PLg,A =M¨
L
A + 2lv
〈al
A M˙
L−1〉
A + la
〈al
A M
L−1〉
A + l(l− 1)v〈alal−1A ML−2〉A +O
(
c−2
)
(A12)
ΛiΦ,A =a
i
A +
1
c2
[
(v2A +Gg,A)a
i
A +
1
2
vijAa
j
A + 2G˙g,Av
i
A
]
+O
(
c−4
)
ΛijΦ,A =
1
c2
(
−1
2
a
〈ij〉
A + v
〈i
A a˙
j〉
A
)
+O
(
c−4
)
ΛLΦ,A =0 l ≥ 3 (A13)
(A14)
Λiζ,A =− 2Gg,AviA +O
(
c−2
)
Λijζ,A =−
3
2
v
[i
Aa
j]
A − 2v〈iAaj〉A −
4
3
G˙g,Aδ
ij +O
(
c−2
)
Λijkζ,A =−
6
5
δi〈j a˙
k〉
A +O
(
c−2
)
ΛLζ,A =0 l ≥ 4 . (A15)
Appendix B: Tidal moments in the truncated system
We here compute the tidal moments for the system
considered in this paper in which the body 1 has nonva-
nishing massM1 and spin J
a
1 , the body 2 has nonvanish-
ing mass M2, spin J
a
2 , quadrupole moments Q
ab =Mab2 ,
Sab = Jab2 and octupole moments Q
abc = Mabc2 , S
abc =
Jabc2 . We only focus on the tidal moments of the body
2, GL2 , H
L
2 , with l = 2, 3, because these are those which
induce the multipole moments of our truncation in the
adiabatic relations (4). The other tidal moments needed
to derive the orbital equations of motion (i.e., Gi1, H
ij
1 ,
GL2 , and H
L
2 with l = 1 and l = 4) can be obtained in a
similar way. As discussed in Sec. III A, we compute the
electric, quadrupolar tidal moment Gab2 at 1PN order,
while all the other tidal moments are computed at 0PN
order only. These are the contributions needed in order
to compute the waveform at 6.5PN order (see Sec. III C).
At 0PN, Eq. (A7) gives GLg,2 = M1∂L
1
r +O(c
−2), i.e.,
Gabg,2 =
3M1
r3
n〈ab〉 +O(c−2) (B1)
Gabcg,2 =−
15M1
r4
n〈abc〉 +O(c−2) , (B2)
and, since [see Eq. (A2)]
Zig,1 =4M1v
i
1 +O(c
−2)
Zijg,1 =− 2ǫijkJk1 +O(c−2)
ZLg,1 =O(c
−2) (l ≥ 3) , (B3)
Eq. (A8) gives
Y iLg,2 = 4M1v
i
1∂L
1
r
+ 2ǫijkJk1 ∂jL
1
r
+O(c−2) . (B4)
Replacing in Eqs. (A5), (A6), we find (since vi = vi2−vi1)
GL2 =M1∂L
1
r
+O(c−2) (l ≥ 2)
HL2 =− 4M1vi∂c〈L−1
1
r
ǫal〉ic + 2ǫijkJk1 ∂jc〈L−1
1
r
ǫal〉ic
+O(c−2) (l ≥ 2) . (B5)
Therefore, since ∂L
1
r = (−1)l(2l − 1)!!n
〈L〉
rl+1
,
Gab2 =
3η1M
r3
n〈ab〉 +O(c−2) , (B6)
Gabc2 =−
15η1M
r4
n〈abc〉 +O(c−2) , (B7)
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Hab2 =
6η1M
r3
vd
(
nacǫbcd + nbcǫacd
)
+
30Jc1
r4
n〈abc〉 +O(c−2) , (B8)
Habc2 =−
20η1M
r4
ve
(
n〈dab〉ǫcde + n〈dbc〉ǫade + n〈dca〉ǫbde
)
− 210J
d
1
r5
n〈abcd〉 +O(c−2) . (B9)
At 1PN order, Eqs. (A9)–(A15) give
Gab2 =
3η1M
r3
n〈ab〉 +
1
c2
3η1M
r3
[(
2v2 − 5η
2
2
2
r˙2 − 5 + η1
2
M
r
)
n〈ab〉 + v〈ab〉 − (3− η22)r˙n〈avb〉
]
+
6
c2r4
Jd1 v
eǫec〈a
(
5nb〉cd − δb〉dnc − nb〉δcd
)
+O(c−4) . (B10)
Appendix C: Orbital equations of motion of the two-body system
We here show the explicit expression of the orbital equations of motion given in Eqs. (60) and (61),
M1a
i
1 =F
i
1,M + F
i
1,J + F
i
1,Q2 + F
i
1,Q3 + F
i
1,S2 + F
i
1,S3 , (C1)
M2a
i
2 =F
i
2,M + F
i
2,J + F
i
2,Q2 + F
i
2,Q3 + F
i
2,S2 + F
i
2,S3 . (C2)
The mass monopole contributions are
F i1,M =
M1M2
r2
ni +
1
c2
M1M2
r2
{
ni
[
2v2 − v21 −
3
2
(nava2 )
2 − 5M1
r
− 4M2
r
]
+ vina (4va1 − 3va2)
}
+ O(c−4) , (C3)
F i2,M =−
M1M2
r2
ni − 1
c2
M1M2
r2
{
ni
[
2v2 − v22 −
3
2
(nava1 )
2 − 4M1
r
− 5M2
r
]
− vina (4va2 − 3va1 )
}
+O(c−4) . (C4)
The spin contributions are
F i1,J =
1
c2
M1
r3
ǫabcJc2
[
δai
(
4vb − 6nbdvd)− 6naivb]− 1
c2
M2
r3
ǫabcJc1
[
3δai
(
nbdvd − vb)+ 6naivb]+O(c−4) , (C5)
F i2,J =
1
c2
M1
r3
ǫabcJc2
[
3δai
(
nbdvd − vb)+ 6naivb]− 1
c2
M2
r3
ǫabcJc1
[
δai
(
4vb − 6nbdvd)− 6naivb]+O(c−4) . (C6)
The mass quadrupole contributions are
F i1,Q2 =
3M1
2r4
Qab
(
5nabi − 2naδbi)+ 1
c2
(
3M1
2r4
Qab
{
5nabi
[
2v2 − v21 −
7
2
(ncvc2)
2
−47M1
5r
− 24M2
5r
]
− 2naδbi
[
2v2 − v21 −
5
2
(ncvc2)
2 − 19M1
2r
− 4M2
r
]
+ navbi2
+ (5nai − δai)vbc2 nc + vi(5nabc − 2naδbc)(4vc1 − 3vc2)
}
+
3M1
2r3
Q˙ab[nab(5vc2 n
ci + 3vi)− 4vanbi
− 2δainbc(2vc1 − vc2)]−
3M1
4r2
Q¨ab(nabi + 2naδbi)
)
− 3
c2
ǫicdJc1
{
Qab
r5
[
5
2
nab(7ndeve − vd) + (δad − 5nad)vb − 5δadnbeve
]
+
Q˙ab
r4
(δad − 5
2
nad)nb
}
− 3ǫ
cdeJa1
c2
{
Qbd
r5
[
5nab
(
δicve − δievc)+ 5nac (δibve − δievb)+ 5nbc (δiave − δieva)
+ 35nabc
(
δienfvf − ni)+ δab (δievc − δic)+ δac (δievb − δib)
+ 5
(
δabnc + δacnb
) (
ni − δienfvf) ]− Q˙bd
r4
δie
(
5nabc − δabnc − δacnb)}+O(c−4) , (C7)
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F i2,Q2 =−
3M1
2r4
Qab
(
5nabi − 2naδbi)+ c−2(3M1
2r4
Qab
{
− 5nabi
[
2v2 − v22 −
7
2
(ncvc1)
2 − 8M1
r
− 6M2
r
]
+ 2naδbi
[
3v2 − v22 − 5 (ncvc)2 −
5
2
(ncvc1)
2 − 8M1
r
− 11M2
2r
]
+ nivab + 5naci(2vbvc1 − vbc2 )
+ vi(5nabc − 2naδbc)(4vc2 − 3vc1) + navb2(vi2 − 2vi1) + δbinc[(5va2 − 4va1 )vc2 − 6vavc1]
}
+
3M1
r3
Q˙ab[vb(2nai − δai) + δainbcvc − 2nabvi]
)
+
3M1
c2M2
ǫicdJc2
{
Qab
r5
[
5
2
nab(7ndeve − vd) + (δad − 5nad)vb − 5δadnbeve
]
+
Q˙ab
r4
(δad − 5
2
nad)nb
}
+
3ǫcdeJa1
c2
{
Qbd
r5
[
5nab
(
δicve − δievc)+ 5nac (δibve − δievb)+ 5nbc (δiave − δieva)
+ 35nabc
(
δienfvf − ni)+ δab (δievc − δic)+ δac (δievb − δib)
+ 5
(
δabnc + δacnb
) (
ni − δienfvf) ]− Q˙bd
r4
δie
(
5nabc − δabnc − δacnb)}+O(c−4) . (C8)
The mass octupole contributions are
F i1,Q3 =−
5M1
2r5
Qabc
(
7niabc − 3δicnab)+O(c−2) , (C9)
F i2,Q3 =
5M1
2r5
Qabc
(
7niabc − 3δicnab)+O(c−2) . (C10)
The current quadrupole contributions are
F i1,S2 =−
4M1ǫ
bcd
c2
{
Sad
r4
[
na
(
δibvc − δicvb)+ nb (δiavc − δicva)+ 5nab (δicneve − nivc) ]
− S˙
ad
r3
δicnab
}
− J
c
1
c2
Sab
r5
[
4δbc
(
5nia − δia)+ 10 (δianbc + δibnac + δicnab)− 70niabc]+O(c−4) , (C11)
F i2,S2 =
4M1ǫ
bcd
c2
{
Sad
r4
[
na
(
δibvc − δicvb)+ nb (δiavc − δicva)+ 5nab (δicneve − nivc) ]
− S˙
ad
r3
δicnab
}
+
Jc1
c2
Sab
r5
[
4δbc
(
5nia − δia)+ 10 (δianbc + δibnac + δicnab)− 70niabc]+O(c−4) . (C12)
The current octupole contributions are
F i1,S3 =−
15M1
c2
{
Sbde
r5
nabvc
[
7
2
(ǫiaenc − ǫcaeni)nd − (ǫiadδce + ǫicdδae + ǫacdδie)
]
− S˙
bde
2r4
ǫiadnabe
}
− 45J
c
1
4c2
Sabc
r6
[
δcd
(
δianb + δibna − 7niab)− 7
3
(
δianbcd + δibnacd + δicnabd + δidnabc − 9niabcd) ]
+O(c−4) , (C13)
F i2,S3 =
15M1
c2
{
Sbde
r5
nabvc
[
7
2
(ǫiaenc − ǫcaeni)nd − (ǫiadδce + ǫicdδae + ǫacdδie)
]
− S˙
bde
2r4
ǫiadnabe
}
+
45Jc1
4c2
Sabc
r6
[
δcd
(
δianb + δibna − 7niab)− 7
3
(
δianbcd + δibnacd + δicnabd + δidnabc − 9niabcd) ]
+O(c−4) . (C14)
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Appendix D: Higher-order terms in the GW phase
For completeness, we provide the higher-order terms
entering the GW phase (15) (i.e., appearing at 7PN or-
der and beyond) which are proportional to the TLNs.
These terms are computed as a by-product of our analy-
sis and could be useful for comparison. The extra terms
in Eq. (15) read
ψ(x) ⊃
(
4000
9
− 4000
9η1
)
λ
(1)
3
M7
x7
+
(
29400
11
− 29400
11η1
)
σ
(1)
3
M7
x8
+
(
−44800
3
+
22400
3η1
+
22400η1
3
)
χ2
σ
(1)
3
M7
x8.5
+ (1↔ 2) . (D1)
To the best of our knowledge, some of these terms have
never been published before.
Appendix E: Comparison to the RTLNs defined in
Ref. [42]
We here show the relations between the TLNs defined
in Eq. (4) and those of Ref. [42]. In the following, we set
the speed of light c = 1.
In Ref. [42], the standard electric and magnetic TLNs
are defined as
λ
(l)
E ≡
∂Ml
∂El , λ
(l)
M ≡
∂Sl
∂Bl , (E1)
where the multipole moments Ml, Sl, and the tidal-
field components El, Bl are given in terms of the asymp-
totic expansion of the metric (see Refs. [38, 61] and Ap-
pendix B of Ref. [30]). With the above definitions, λl
and σl used in this work are, respectively, given by
λ
(l)
E =−
(2l − 1)!!
l(l− 1)
√
2l+ 1
4π
λl , (E2)
λ
(l)
M =−
4(2l− 1)!!
3(l− 1)
√
2l+ 1
4π
σl , (E3)
with l ≥ 2.
On the other hand, the RTLNs in the axisymmetric
case are defined in Ref. [42] as
δλ
(ll′)
E ≡
∂Ml
∂Bl′ , δλ
(ll′)
M ≡
∂Sl
∂El′ , (E4)
with the same moments given in Refs. [30, 38, 42, 61].
With the above definitions, the RTLNs λ23, σ23, λ32 and
σ32 defined here are related to those defined in Ref. [42]
by the relations
δλ
(23)
E =−
√
7
π
Jλ23 ,
δλ
(23)
M =−
√
7
π
Jσ23 ,
δλ
(32)
E =−
15√
5π
Jλ32 ,
δλ
(32)
M =−
45
8
√
5π
Jσ32 , (E5)
where J is the absolute value of the angular momentum
of the body which is deformed.
[1] B. Abbott et al. (Virgo, LIGO Scien-
tific), Phys. Rev. Lett. 119, 161101 (2017),
arXiv:1710.05832 [gr-qc].
[2] W. Del Pozzo, T. G. F. Li, M. Agathos,
C. Van Den Broeck, and S. Vi-
tale, Phys. Rev. Lett. 111, 071101 (2013),
arXiv:1307.8338 [gr-qc].
[3] A. Bauswein, O. Just, H.-T. Janka, and
N. Stergioulas, Astrophys. J. 850, L34 (2017),
arXiv:1710.06843 [astro-ph.HE].
[4] E. R. Most, L. R. Weih, L. Rezzolla, and J. Schaffner-
Bielich, (2018), arXiv:1803.00549 [gr-qc].
[5] I. Harry and T. Hinderer, (2018),
arXiv:1801.09972 [gr-qc].
[6] E. Annala, T. Gorda, A. Kurkela, and A. Vuorinen,
(2017), arXiv:1711.02644 [astro-ph.HE].
[7] S. De, D. Finstad, J. M. Lattimer, D. A.
Brown, E. Berger, and C. M. Biwer, (2018),
arXiv:1804.08583 [astro-ph.HE].
[8] B. P. Abbott et al. (GROND, SALT Group, Oz-
Grav, DFN, INTEGRAL, Virgo, Insight-Hxmt, MAXI
Team, Fermi-LAT, J-GEM, RATIR, IceCube, CAAS-
TRO, LWA, ePESSTO, GRAWITA, RIMAS, SKA
South Africa/MeerKAT, H.E.S.S., 1M2H Team, IKI-GW
Follow-up, Fermi GBM, Pi of Sky, DWF (Deeper Wider
Faster Program), Dark Energy Survey, MASTER, As-
troSat Cadmium Zinc Telluride Imager Team, Swift,
Pierre Auger, ASKAP, VINROUGE, JAGWAR, Chan-
dra Team at McGill University, TTU-NRAO, GROWTH,
AGILE Team, MWA, ATCA, AST3, TOROS, Pan-
STARRS, NuSTAR, ATLAS Telescopes, BOOTES, Cal-
techNRAO, LIGO Scientific, High Time Resolution Uni-
verse Survey, Nordic Optical Telescope, Las Cumbres
Observatory Group, TZAC Consortium, LOFAR, IPN,
DLT40, Texas Tech University, HAWC, ANTARES,
KU, Dark Energy Camera GW-EM, CALET, Euro
VLBI Team, ALMA), Astrophys. J. 848, L12 (2017),
arXiv:1710.05833 [astro-ph.HE].
[9] B. P. Abbott et al. (Virgo, Fermi-GBM, INTE-
GRAL, LIGO Scientific), Astrophys. J. 848, L13 (2017),
arXiv:1710.05834 [astro-ph.HE].
[10] K. G. Arun, A. Buonanno, G. Faye, and E. Ochsner,
24
Phys. Rev. D79, 104023 (2009), [Erratum: Phys.
Rev.D84,049901(2011)], arXiv:0810.5336 [gr-qc].
[11] A. Buonanno and T. Damour,
Phys. Rev. D59, 084006 (1999),
arXiv:gr-qc/9811091 [gr-qc].
[12] S. Bernuzzi, A. Nagar, T. Dietrich, and
T. Damour, Phys. Rev. Lett. 114, 161103 (2015),
arXiv:1412.4553 [gr-qc].
[13] S. Bernuzzi, T. Dietrich, and A. Na-
gar, Phys. Rev. Lett. 115, 091101 (2015),
arXiv:1504.01764 [gr-qc].
[14] T. Hinderer et al., Phys. Rev. Lett. 116, 181101 (2016),
arXiv:1602.00599 [gr-qc].
[15] T. Dietrich and T. Hinderer,
Phys. Rev. D95, 124006 (2017),
arXiv:1702.02053 [gr-qc].
[16] T. Dietrich et al., (2018), arXiv:1804.02235 [gr-qc].
[17] A. Buonanno, B. Iyer, E. Ochsner, Y. Pan, and
B. S. Sathyaprakash, Phys. Rev. D80, 084043 (2009),
arXiv:0907.0700 [gr-qc].
[18] C. K. Mishra, A. Kela, K. G. Arun, and
G. Faye, Phys. Rev. D93, 084054 (2016),
arXiv:1601.05588 [gr-qc].
[19] L. Blanchet, Living Rev. Rel. 9, 4 (2006).
[20] J. Vines, E. E. Flanagan, and T. Hin-
derer, Phys. Rev. D83, 084051 (2011),
arXiv:1101.1673 [gr-qc].
[21] T. Damour, A. Nagar, and L. Vil-
lain, Phys. Rev. D85, 123007 (2012),
arXiv:1203.4352 [gr-qc].
[22] E. Poisson and C. Will, Gravity: Newtonian, Post-
Newtonian, Relativistic (Cambridge University Press,
Cambridge, UK, 2014).
[23] E. E. Flanagan and T. Hin-
derer, Phys. Rev. D77, 021502 (2008),
arXiv:0709.1915 [astro-ph].
[24] T. Hinderer, Astrophys. J. 677, 1216 (2008), Erratum:
ibid. 697, 964 (2009), arXiv:0711.2420 [astro-ph].
[25] K. Yagi, Phys. Rev. D89, 043011 (2014), [Er-
ratum: Phys. Rev.D96,no.12,129904(2017)],
arXiv:1311.0872 [gr-qc].
[26] B. Banihashemi and J. Vines, (2018),
arXiv:1805.07266 [gr-qc].
[27] D. A. Brown, I. Harry, A. Lundgren, and A. H. Nitz,
Phys. Rev. D 86, 084017 (2012).
[28] W. Kastaun, F. Galeazzi, D. Alic, L. Rezzolla,
and J. A. Font, Phys. Rev. D 88, 021501 (2013),
arXiv:1301.7348 [gr-qc].
[29] M. Wade, J. D. E. Creighton, E. Ochsner, and
A. B. Nielsen, Phys. Rev. D88, 083002 (2013),
arXiv:1306.3901 [gr-qc].
[30] V. Cardoso, E. Franzin, A. Maselli, P. Pani,
and G. Raposo, Phys. Rev. D95, 084014 (2017),
[Addendum: Phys. Rev.D95,no.8,089901(2017)],
arXiv:1701.01116 [gr-qc].
[31] N. Sennett, T. Hinderer, J. Steinhoff, A. Buonanno,
and S. Ossokine, Phys. Rev. D96, 024002 (2017),
arXiv:1704.08651 [gr-qc].
[32] A. Maselli, P. Pani, V. Cardoso, T. Ab-
delsalhin, L. Gualtieri, and V. Fer-
rari, Phys. Rev. Lett. 120, 081101 (2018),
arXiv:1703.10612 [gr-qc].
[33] V. Cardoso and P. Pani, Nat. Astron. 1, 586 (2017),
arXiv:1709.01525 [gr-qc].
[34] V. Cardoso and P. Pani, (2017),
arXiv:1707.03021 [gr-qc].
[35] N. K. Johnson-McDaniel, A. Mukherjee, R. Kashyap,
P. Ajith, W. Del Pozzo, and S. Vitale, (2018),
arXiv:1804.08026 [gr-qc].
[36] E. Poisson, Phys. Rev. D91, 044004 (2015),
arXiv:1411.4711 [gr-qc].
[37] P. Pani, L. Gualtieri, A. Maselli, and
V. Ferrari, Phys. Rev. D92, 024010 (2015),
arXiv:1503.07365 [gr-qc].
[38] T. Binnington and E. Pois-
son, Phys. Rev. D80, 084018 (2009),
arXiv:0906.1366 [gr-qc].
[39] T. Damour and A. Nagar,
Phys. Rev. D80, 084035 (2009),
arXiv:0906.0096 [gr-qc].
[40] T. Damour and O. M. Lecian,
Phys.Rev. D80, 044017 (2009), arXiv:0906.3003 [gr-qc].
[41] R. A. Porto, Fortsch. Phys. 64, 723 (2016),
arXiv:1606.08895 [gr-qc].
[42] P. Pani, L. Gualtieri, and V. Fer-
rari, Phys. Rev. D92, 124003 (2015),
arXiv:1509.02171 [gr-qc].
[43] P. Landry and E. Poisson,
Phys. Rev. D91, 104026 (2015),
arXiv:1504.06606 [gr-qc].
[44] P. Landry and E. Poisson,
Phys. Rev. D91, 104018 (2015),
arXiv:1503.07366 [gr-qc].
[45] P. Landry, Phys. Rev. D95, 124058 (2017),
arXiv:1703.08168 [gr-qc].
[46] J. Gagnon-Bischoff, S. R. Green, P. Landry,
and N. Ortiz, Phys. Rev. D97, 064042 (2018),
arXiv:1711.05694 [gr-qc].
[47] P. Landry and E. Poisson,
Phys. Rev. D92, 124041 (2015),
arXiv:1510.09170 [gr-qc].
[48] K. S. Thorne, Rev. Mod. Phys. 52, 299 (1980).
[49] A. Maselli, L. Gualtieri, F. Pannarale, and
V. Ferrari, Phys. Rev. D86, 044032 (2012),
arXiv:1205.7006 [gr-qc].
[50] J. Steinhoff, T. Hinderer, A. Buonanno, and
A. Taracchini, Phys. Rev. D94, 104028 (2016),
arXiv:1608.01907 [gr-qc].
[51] P. Pani, Proceedings, Spring School on Nu-
merical Relativity and High Energy Physics
(NR/HEP2): Lisbon, Portugal, March 11-14,
2013, Int. J. Mod. Phys. A28, 1340018 (2013),
arXiv:1305.6759 [gr-qc].
[52] X. Jimenez-Forteza, T. Abdelsalhin, P. Pani, and
L. Gualtieri, (2018), arXiv:1807.08016 [gr-qc].
[53] E. Poisson, Phys. Rev. D57, 5287 (1998),
arXiv:gr-qc/9709032 [gr-qc].
[54] B. Mikoczi, M. Vasuth, and L. A.
Gergely, Phys. Rev. D71, 124043 (2005),
arXiv:astro-ph/0504538 [astro-ph].
[55] E. E. Flanagan, Phys. Rev. D58, 124030 (1998),
arXiv:gr-qc/9706045 [gr-qc].
[56] T. Damour, M. Soffel, and C. Xu,
Phys. Rev. D 43, 3273 (1991).
[57] E. Racine and E. E. Flanagan,
Phys. Rev. D71, 044010 (2005), [Erra-
tum: Phys. Rev.D88,no.8,089903(2013)],
arXiv:gr-qc/0404101 [gr-qc].
25
[58] J. E. Vines and E´. E´. Flana-
gan, Phys. Rev. D 88, 024046 (2013),
arXiv:1009.4919 [gr-qc].
[59] R. P. Geroch, J. Math. Phys. 11, 2580 (1970).
[60] R. O. Hansen, J. Math. Phys. 15, 46 (1974).
[61] V. Cardoso and L. Gualtieri,
Class. Quant. Grav. 33, 174001 (2016),
arXiv:1607.03133 [gr-qc].
[62] S. E. Gralla, Class. Quant. Grav. 35, 085002 (2018),
arXiv:1710.11096 [gr-qc].
[63] M. Maggiore, Gravitational Waves Volume 1: Theory
and Experiments (Oxford University Press, Oxford, UK,
2008).
[64] T. Mora and C. M. Will,
Phys. Rev. D69, 104021 (2004), [Erratum: Phys.
Rev.D71,129901(2005)], arXiv:gr-qc/0312082 [gr-qc].
[65] B. Mikoczi, Phys. Rev. D95, 064023 (2017),
arXiv:1609.01536 [gr-qc].
[66] S. Chandrasekhar, The Mathematical Theory of Black
Holes (Oxford University Press, Oxford, UK, 1983).
[67] P. Landry, (2018), arXiv:1805.01882 [gr-qc].
